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Kuura ussectnoro ¢pusuga-reoperuka O. Illtefinmana
NoCBslleHa GOopMYJHPOBKe MeToJa BO3MYLIeHHH B aKCHO-
MaTHyYeckoil TeopuH mnonas. Ee jpocTomHCTBOM sBAsercs
coyeTaHHEe MaTeMaTHYeCKOH CTPOTOCTH H3JI0XKEHHs C ICHBIM
NoHHMaHHeM (H3HYecKoro cyulectBa npo6aemel. MHorue
pesyJbTaThl NpPHHAaAJMEXKAT CaMOMy aBTOpY.

B ocHOBe MaTemaTHyecKoro amnnapatra MoHorpaduu
JIeXXHT cHcTeMa ypaBHeHH#l [n1asepa — Jlemana — llum-
MepMaHa IJs 3anasjeiBalowux ¢yukuuit I'puna. Taas-
Has ee 4acTh MOCBSILIEHA HCCJeJOBaHHUIO CBOHCTB pasJjoxe-
HHH 3THX QYHKUHH mo KoHcraHTe cBsadu. Oco6oe BHHU-
MaHHe YyJeJsieTcsi ONHCAHUIO IOBelleHUs] MOJYyYeHHbIX
pelleHHH Ha MaJlbIX PaCCTOSIHUSAX. 3aBepluaeTcss MOHOrpa-
¢usi aHaJaM30M npoGJeMbl NepeHOPMUPYEMOCTH TeOpHH
noJisi, Hrpamouleii BaxHYyl0 pojib B QU3HKe 3JeMeHTapHHIX
YacTHL.

Kuura npeacraBisier uutepec Ajs GU3HKOB-TEOPETH-
KOB — HayYHbIX PaGOTHHUKOB, CTYLEHTOB W aCHHPAHTOB,
a Takxe JJis MaTeMaTHKOB, HHTepeCYIOIHXCS MaTeMa-
THYeCKMMH npo6JieMaMH KBaHTOBOH TeOpHM TOJs.
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INMPEJMCJ/IOBHE K PYCCKOMY H3JAHHIO

Kuura nocesimieHa MeTOAYy BO3MYIIEHHH B aKCHOMaruye-
cKoil kBaHTOBOH Teopuu noss. OfHAKO MBI X0TesH 6bl C CaMOTro
HayajJa YTOYHUTb €e cojepkaHue. [lejo B TOM, YTO NepBHIH
NOoCJeA0BATeNbHBIH  BAPHAHT TEOPUM  BO3MYLIEHWH — TOT,
KoTopblil u3noxen B KHure H. H. Boromo6oea u . B. Iup-
KoBa [b],— yke onupascs Mo CyumecTBy HE Ha KaHOHHUYECKYIO
¢opMyHPOBKY KBaHTOBOH TEOpHMH TOJIsS, a Ha akcuoOMaTuye-
CKYIO TEOPHIO S-MaTpHIBI C YCJIOBHEM NPUYHHHOCTH. B Teopun
Bo3MmyiieHuit Boromo6oBa 3HaMEHUTBIE «GECKOHEUHOCTHY OBIIH
BO3Be€JIeHbl K CBOEMY HCTOYHHKY — I€PEMHOXKEHHI0 06O0OIIEeH-
Hbix dynkuuii. Teopus R-omepauuu Boromo6oBa — Ilapacio-
Ka He HCMOo/b30Basla «BHEIUHHX» DEUeNnTYpPHbhIX TpeOoBaHHUH,
HO OnupaJnach TOJIbKO Ha BHYTPEHHUH NpousBoJ KosddulueHT-
HbIX QYHKUMA S-MaTpUUBl NPHU COBMAJNEHUH apryMeHTOB. TOT
¢akT, yTO AJIsI NEPEHOPMUPYEMBIX TEOPHUH — B YaCTHOCTH, AJId
3JIEKTPOAMHAMHUKH — 3TOT NPOM3BOJ «cOBGHpaeTcsi» B Iepeornpe-
neneHve QuU3MYeCKHX MacCel M 3apsja W omneparopa mnoJs,
C YMCTO aKCHOMATHYECKOH TOUKH 3PEHHS SIBJSETCS JIHIUb yAad-
HOH ciy4yalHOCTbIO, a ¢ GoJsiee oOLield — MOATBEPKIAET aje-
KBaTHOCTb MaTeMaTHyeckoro dopmanusMa puauyeckoi 3ajpaue.
Takum o6pasoM, NPUHLUHNHAJBHOE NOCTPOCHHE aKCcHOMaTHye-
CKOH TeOpHM 10JI B pPaMKax TEOPUH BO3MYLIEHUH OBLIO OCY-
ecTB/IeHo yxe X 1957 r.

OpnHako 3TO HE 3HAUHUT, pa3yMeercs, YTO 3JECb HE OCTAJIOCh
HepelleHHbX 3ajay. He Kacasch MOMBITOK BbIXOAA 3@ PaMKH
TEOpUH BO3MYLIEHHH, Ja)Ke H B 3TOI TEODUH NEPBOHAYAJIbHBIH
nonxoa BoromoGoBa onupancs Ha Takde HehH3UUECKHE TOHS-
THS, KaK «ToJible» HeB3aUMOAEHCTBYIOLIKE MOJISL U T. 1., a C ApY-
rOH CTOPOHBI, CTAJIKHBAJICS C CEPbe3HEHIIUMU TPYIHOCTSIMH
IpU NONHTKax cHOpMYJUPOBaTb YpPaBHEHUS MIBMKEHUS IJIS
B3aHMOZEHCTBYIOLIMX reli3eH6eproBbIX ONepaTopoB.

[TosaToMy He yAMBHTENbHO, YTO 3a NpOIUEALINEe NATHAALATb
JieT GbIIO CHeJIaHO MHOTO TMOMBITOK, HCXOAS! U3 HECKOJIbKO HHBIX
aKCHOMaTHYeCKHX (POpMYJHPOBOK, GJMKe TMONONTH K AHHAMH-
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YeCKOMY ONHCAHUIO, OGOHTH PAJ TEXHHUYECKUX U MPHUHIHIHATb-
HBIX TPYJHOCTEH BBIllle ONMCAHHOIO NMOAXOAA H, TaK CKasarb,
paclupuTh cdepy, B KoTopoit MoxkeT 3 (eKTHBHO AeHCTBOBAThH
KBaHTOBasl Teopus moJsi (B pas3iHYHBIX (OPMYJIHPOBKAX).
B pasHblx HanpaBJieHHsIX GBLIM JOCTUTHYTHl COBEPILUEHHO OIpe-
JIeJIeHHble yCcleXH, HO B Hallly 3a7ayy He BXOAUT HX Mepeuuc-
JsaTb. Mel 6ynem naJjblie roBOPHTH TOJbKO O TOM Kpyre Mpo-
6JeM, K KotopoMy npuMbikaer kuura llltefinmana.

LlenTpanbHylo poJb B 3TOH KHHI€ HUTpaloT ypaBHeHus [na-
3epa — Jlemana — l{uMmepmaHa As1 3anasjpIBaOIUX (GYHK-
uuii. Cama mo ce6e upesi GOPMYJHPOBKH TEOPUH KBAaHTOBAH-
HbIX ToJe#l B TepMHHAX INOJHOH cucreMbl ¢GyHKuuii ['puHa
BhICKa3blBasiach He pa3. Ham kakercs, uto HauGoJiee Mocjeno-
BaTeJIbHBIH Croco6 nepexofa K Takod (OpMYyJHPOBKE COCTOMT
BO BBEIEHHH IIPOHU3BOASIIEr0 (YHKLIHOHANA 1151 3aNlas3fiblBaio-
WHUX HJAM ApYruX, T-ynopsiioueHHblX, ¢yHkuui ['puHa. 3xech
Mbl ONSATH BO3BpalllaeMCcsi K TEOPHUH S-MaTpPHUBI C YCJIOBHEM
NPUYHHHOCTH, MOTOMY YTO HMEHHO Takas S-Martpula, B KOTO-
pYIO BBelleHa 3aBHCHMOCTb OT BCIIOMOTaTeJIbHOM KJ/IaCCHYECKOH
¢yHKuMH, OKasbiBaercs OJarogapsi YCJOBHIO NPHYMHHOCTH
NPOU3BOAALINM PYyHKLUHOHANOM A/1a ¢dyHKuui ['puna. ITpu stom,
€CJTH B KayecTBe BCIIOMOraTeJbHOH (PyHKUHH BHIGHpAETCsl BHeLl-
HUH TOK-HCTOYHHK, TO MOJYYaercsi akcuomaTtuueckas Gopmy-
JIMPOBKa, oueHb Giu3Kasi K opmysaupoBke JlemaHa — Cumas-
3uKa — llumMMepmaHa, KoTopasi SIBJSIeTCS MCXOAHOH BO BCeX
nocrpoenusx llrefinmana.

B. B. MenBezeB u aBTOpHI HAcTOsILIEro mpenucsaoBusi [38%,
39*] paspaGaTbiBalOT HMHOM MOAXOX, BOCXOASIIUE K CHCTEME
«IMCIIEPCHOHHBIX» akcHoM DBoroso6oBa [35*], B kotopoit poab
(hYHKIHOHANBHOIO apTyMeHTa HrpaeT paclIHpeHHOe aCHMIITO-
THYECKOE MoJjie. DTOT NoAaxoj] 06Jajaer psoM MPEHMYILECTB.
B yacTHOCTH, HaM KaXKeTCs YMECTHBIM 1Jisi SICHOCTH NMOJYEpK-
HYTb 371€Cb, YTO TaK Ha3blBaeMbl€ «IOJHOCTbIO aMIyTHPOBAH-
Hoie» pynkuuu ['puna, K KoropbiM nepexonut Illrefinman pns
KOHKpeTHOl paGoThl, B HallleM M[OJAXOIE MOJIYYaloTCcsl Cpasy
TakuMH Gnarojapsi BbIGOpY (PYHKLHOHAJBHOTO apryMeHTa.
Muaue roBopsi, MOJHOCTbIO aMNyTHPOBaHHBE (YHKIUH [puHa
reii3eH6eproBLIX 10Jeil — 3TO OOblYHBIE GYHKUMH [ pHHA TOKOB.
EcrecTBeHHOCTb TaKoro Bbifopa, KpoMe Ipoyero, CBsi3aHa
C TEM, YTO UMEHHO B HeM pa3JIOXKEHHs ONepaTopoB M, B UaCTHO-
cTH, S-Marpuupl no (YHKUHOHAJbHOMY apryMEeHTY OKa3sbl-
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BAlOTCS] HAa JHEPTeTHYECKOH ITOBEPXHOCTH TaK Ha3blBaeMbIMH
passoxeHusiMH Xaara 1o HOpMaJIbHbIM NPOU3BEIEHUSIM acCHM-
OTOTHYECKUX NOJIeH.

3ameruM, uto, paborass ¢ ¢yHkuusmu ['puHa u c acummnro-
THYECKHMH TMOJISIMH, Mbl MOKeM H36eXaTb HeU3UIECKUX TOHS-
THH «TOJIBIX» YaCTHI[ U COCTOssHMHA. B 3TOM mnoaxome MokHO
noneitatbcsl GOPMYJUPOBATh U ypaBHEHUS JBHKeHusA. YHacr-
Hble ycrnexw B GJM3KOM HalpaBJeHHH NOJNydYeHbl B paboTax
[lumMMepMaHa W €ro COTPYAHHUKOB [4], ymoMuHaeMbiX B KHHre
refinmana.

Xoresoch Obl CnenUanbHO OTMETUTh POJIb YCJIOBUS NIPUYHH-
Hoctd BorosoGoBa Bo BceM 3TOM HanpaBJieHHH. B ymomsiHy-
THIX Bbille paGotax Boroso6oBa M ero IIKOJBI Kak 10 TEOPHH
BO3MYILEHHH, TaK U 10 «IHCIEPCHOHHOMY» MOAXOAY UEHTpalb-
Hasi poJib 3TOTO YCJOBHSA Bceraa momauepkuBaercs. llreifinMaH
SIBHO MM He MOJIb3yeTcs, 3aMeHsIs ero Ha ypOBHE aKCHOM Tpe-
6GoBaHHEM JIOKaJbHOH KOMMYTATHBHOCTH (MCUE3HOBEHHE KOM-
MyTaTopa BHE KOHYCa), KOTOpOe CJIeyeT U3 YCJOBHs MPHUYMH-
HOCTH, HO ero He ucuepnbiBaer. OfHAKO jajblie OH JONOJHSET
3TO YCJIOBHE €CTECTBEHHBIMU TPEGOBAHUSIMU Ha HOCHTEJb 3amas-
JblBaroUX GYHKUMHA. MOXHO cYdTaTh, YTO YCJOBHE NPHYHH-
HOCTH €CTb IPOCTO OIepaTOpHas 3amuch 3THX TpeGoBaHUH
Ha HOCHTENb, M €CJAH OHO OTCYTCTBYET, TO JIErKO NOCTPOHTb
NpPUMEpHl TAKUX «3anas3iblBalolUX» QYHKUMHE, KOTOPBIE, HE Ha-
pywass Tpe6GoBaHUSI JIOKAJbHOH KOMMYTATHBHOCTH, HMEIOT
COBCEM ApYroH HOCHTENb.

AkcromaTHuecKHil MeToX HccaenoBaHusi ¢GyHkuuii ['puHa
0Kas3aJsCsi OY€Hb IJIOJOTBODHBLIM B psfie HampaBjeHHH. B vacr-
HOCTH, B 0OJIaCTH CHJIbHBIX B3aUMOAEHCTBHE, rje NpsMOJH-
HellHasi TeopUsi BO3MYLIEHHH HeNpHMEeHUMa,— 3TO TOYTH €IHH-
CTBEHHBIH TIOCJE0BaTeJbHBIH IOJEBOH METOJ UCCJAeNOBaHHA.
Onnako [0 cUX NOp eMy HeloCTaeT pa3pabOTaHHOCTH M AHHA-
MHYECKOH MOJIHOTHI, KOTOPBIMH oOJlajaeT CTaHAApPTHas TEOPHS
BosMyuieHHH. Ilostomy nanbHefillee npojBHXKEHHE B 3J0TM
HanpaBJIEHHH 3aTOPMaxKHBAETCS M OKa3bIBAETCs, YTO JJIs1 IIOHHU-
MaHUsl CTPYKTYpH (GyHKUMH I'puHa U AAs CpaBHEHUS] 3TOT
METOAa C APYTHMH MOJIE3HO Pa3BUTb TY K€ TEOPHI0 BO3MYyIlle-
HUH, HO yXK€ BHYTPH 3TOro moixoja. Takasi TeopHsi BO3MYILe-
HUH, KOHEYHO, U NPHHLMIHNAJBHO U O opMe JO/KHA CHIbHO
OT/IMYaThCcsl OT OOBIYHOH, HauHHalomleldl co CBOGOIHBIX NOJEH
W JlarpaHXHaHa B3aUMONEHCTBHS, H JO/XKHA GBITb IOCJEN0Ba-
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TeJbHO IOCTPOEHA Ha CBOMX COGCTBEHHBIX OCHOBaHHSX. DTOMY
BONPOCY IOCBSILIEHO MHOTO XKYPHAJIbHBIX CTaTeHd, HO KHHUTra
[lrefinMana — nepBbIil IpUMep NoApOOHOH MOHOTpadUH HA ITY
TEMY.

Pasymeercsi, MmaTepuas, NpeicTaB/]e€HHBII B 3TOH KHHUTe,
He CJIeflyeT pacCMaTPUBaTh KaK OKOHYATeJNbHYIO0 QOPMYJHPOBKY
TEODHH BO3MYIIEHHH M/ aKCHOMaTHYeCKH ONpeNesieMblX
¢byuxuuit ['puna (aBTop Ha 3T0 W He mnperenayer). Ocraercs
elle MHOI'O OTKPBITBIX BOIIPOCOB M, B YacTHOCTH, BOIPOCHI
06 YCTaHOBJIEHHWH CBsi3efl 3TOH Teopuu C GIM3KHMH HampasJe-
HUSIMH, INPEICTABJIEHHbIMH YK€ YIOMHHABIUMMHCS paboTaMu
lummepmana, paGotamu ['masepa [16, 17] u ppyrumu. das
YCTaHOBJIEHHS] 3TOTO COOTBETCTBHSI B MNEpPBYIO OdYepelb Hexo-
CTaeT TaKOro KapAMHaJbHOrO 3BeHa, KaK KaKOH-JH00 aHaJIor
R-onepauuu BHe paMok Teopuu Bo3myueHuit. Ho kuura llTeiin-
MaHa COZeDPKUT MHOXKECTBO OU€Hb IOJIE3HBIX JJIS BCAKOH Takoi
paGoThl METONOB, TEXHHYECKHX JIEMM, YaCTHBIX IPOMEXKYTOU-
HBIX pe3yJbratoB. HanucanHas Ha Heo6XOJMMOM YpPOBHe
MareMaTHYeCKOH KYJIbTYPHI M coepaKallas r1y6oKoe IOHUMaHue
¢dusngeckoll cyTH npobJieMbl, 5Ta KHHUra, Kak Mbl Hajeemcsd,
OKaXXeTCs MOJIE3HOH YHTaTeJsIM M CTHMYJIHPYET NasbHeHIyIo
paboTy B 3TOM OYeHb aKTyaJbHOM W IJIOJOTBOPHOM Hamnpas-
JIEHUH.

M. K. Hoausaros
A. JI. Cyxaros
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BBEIJEHHE

BBuay TOro 4ro B KBaHTOBOH TEOPHH MOJIsI MO-NPEKHEMY
OTCYTCTBYIOT HETPHBHAJbHBIE TOYHBIE "MOJEIH, NMPUGIHIKEHHbIE
CXeMBl TNPHOOPETAIOT HMHTEPEC, BBHIXOASLIMH 3a mNpenesbl HX
BO3MOXKHOH MOJIb3bl AJS 4YHCJEHHBIX pacueroB. IloppoGHoe
M3yYeHHE TaKHX CXeM MOXKET NPUBECTH K OTKPBITHIO KaKHX-TO
YepT, CIPABENJIUBLIX H B TOYHOH TEOPHH, M AaTh HaM B PYKH
KJIIOYH JJIS IOUCKOB TaKUX TOYHBIX MojeJed.

Cpenyt pasyiMyHbIX NPUGIHKEHHBIX METOJOB, pa3BHBaBIIKX-
¢ IO CHUX TNOp, TeOpHsl BO3MYIIEHHH GecCOpHO H3yuyeHa Hau-
Gosiee perasbHo. Ee oTsHuuTeNbHasi YepTa — BO3MOXKHOCTb
YTOYHEHHS JI0 CKOJIb YTOJHO BBICOKOH cTemeHu: oHa HaeT Gec-
KOHEYHYIO TOCJIeJOBATEIbHOCTb NPHUOJIMKEHUH BCe BO3pacTalo-
el cnoxHocTH. MoXKHO HanesTbesl, 4TO 3Ta Bo3pacrarolias
CJIOXKHOCTb COOTBETCTBYET BCe (oJjiee TeCHOMY INPpUO/IMKEHUIO
K JefictButesbHocTH. K coxasneHuto, 3T0 He 00s53aTelbHO
CONPOBOXKAAETCS BO3PACTaHWEM YHCJIeHHOH TouHocTH. Heboub-
1I0€ YHCJIO YKa3aHUH, KOTOPBIMH MBI pacroJiaraeM, Io-BUAHU-
MOMY, TOBOPHT O TOM, UTO I[€IOYKA MOCJ/EeA0BATeNbHBIX PUGIH-
JKEHHH B MeTroJe BO3MYLUEHHH pacXONHTCsI, TaK YTO TEOpHs
BO3MYLIEHHUH BpPSAL JH INO3BOJNHT JI0Ka3aTb TEOPEMY CYLIECTBO-
BaHUA /I HeTpUBHAJbHBIX Mozesnell. TeM He MeHee u3yyeHHe
TEOPUH BO3MYLIEHHUH TNpeNCTaBJsieT HHTEpeC IO MNpPHUUHAM,
YIIOMSIHYTHIM BBbIllEe, HE3aBHCHMO JaXK€ OT BBIYHCJIHTENbHBIX
ycnexoB, AOCTHTHYTBIX C €€ INOMOLIbI0 B 3JEKTPOAHHAMHKE
¥ B MeHbllUeH Mepe B Teopuu cJabbix B3aumoaeHcTsuil. B vacr-
HOCTH, OHA MOXKET OKa3aTbCs II0JIe3HOH B KayecTBe NpPOGHOro
KaMHSl ISl TPOBEPKH DPa3JIHYHLIX NPENnOJOMKEHHI O CBOHCT-
BaX TEOPETHKO-NOJIEBbIX BeNUWYUH. IIpuHATO cuYuTaTh, YTO
CBOMCTBA, HE CIpaBeljiMBbie B TEOPHH BO3MYILEHHIH, HE HMEIOT
MecTa Takxke B TouHOH Teopuu. (M3nuiuiHe roBopurb, 4TO 3THM
KPUTEPHEM CJENYeT NOJb30BaTbCi C HEKOTOPOH OCTOPOXKHO-
crhio 1))

1) Bosee Toro, Aas UENOrO KJacca TEOPHH 9TO 3aBeOMO He Tak.—
fIpum. nepes.
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31ech MBI HaMepeHbl JaThb TaKoe JI0Ka3aTeabCTBO, OCHOBAH-
HOe Ha HJesiX, NpeJBapUTe/IbHbIH BaPHAHT KOTOPHIX GBI H3JIO0-
XKeH B IBYX Gosiee paHHUX paborax aBTopa [12]. Byner pasBur
annapaT TEOPHH BO3MYIIEHHH, KOTOPHIH NO3BOJIUT BBIYUCJISTH
3anaszpiBaoliye GYHKUUH r B JI000M NOPsAAKe IO KOHCTaHTE
CBSI3¥ NYTEM pelIeHHs] METOLOM IOCJ/eN0BaTeNbHBIX NPUOAHKe-
HUH ypaBHeHUH YCJIOBHS YHHTAPHOCTH C ONpeJeJeHHBIMH rpa-
HMYHBIMK yCJOBHAMH. Byner crporo mokasano, 4to 3ToT (hop-
MaJIi3M NPHBOIUT K KOHEUHBIM Pe3yJbTaTaM BO BCeX KOHEYHBIX
nopsiikax teopuu BosmyuieHui. OfHako 0 BaxKHeH1IeM Bonpoce
CXOJMMOCTH PSIJIOB TEOPHU BO3MYIIEHHHA MBI HE NMOJIYYUM HHUKa-
kux cBenenusi. Takum o6pasoMm, BCIOAY B JaJbHelilreM Jio6oe
yTBEpXKIEHHE THNa «A ClIpaBelHBO B TEOPHH BO3MYLIEHHH»
cienyer noHuMaTb: «A chOpaBelIHBO B JIOGOM KOHEUYHOM
TIOpsiIKE TEOPHH BO3MYLIEHHI».

Mul npexnosiaraem, yTo 4YMTaTe]b 3HAKOM C OCHOBHBIMH
UJesIMH 1 Haubosiee BaXKHBIMH pe3yJbTaTaMH aKCHOMAaTHYeCcKOH
Teopud moJiss BalitMaHa, u3noxeHHbIMH B KHurax Crpurepa
u Baiitmana [13] u Mocra [14], a Taxxke ¢ ¢opmanusmom Jlema-
na — Cumansuka — [{ummepmana (JICLL) [6—8] ). Bce neo6-
XONUMble JJIs JaJbHEHLIEro H3JI0KEHHsI ONpEeNesNeHUss H pe-
3yJIbTaThl MPUBEJEHB! B IJI. 2, HO 6e3 KaKux-1u6o 060CHOBa-
HUH WJIH JOKa3aTeJbCTB.

Mul Gynem paccmMaTpuBaTh TOJIBKO TNpoOCTEHIIME caydait
OJIHOTO CKaJIIPHOTO 3pMHUTOBa mnossi A (X), accOLHHpyeMOro
¢ GECCNIMHOBBIMY YacTHIIaMu Macchl m > 0. O6o6ieHye Ha cJay-
yall Jio60ro 4ucja IMoJield C NPOHU3BOJBHBIM CIHHOM MOXKHO
OCYUIeCTBUTb HemocpencTBeHHo. ([IpaBxa, mMom Apy3bsi, 3aHH-
Marolyecst ¢)eHOMeHOJIOTHeH, COOOIMIH MHE, 4TO 3TO JaJeKo
He TpuBHMasbHO.) Dosee cepbe3sHo orpaHuueHue MacCHBHBIMH
vacrunamu. Popmanusm JICLL B ero cymectByloumel ¢opme
HelpuUMeHUM K 6e3MacCOBbIM YacTHLAM, W He OYeBUIHO, KakK
€ro MOXKHO 0600muTb. OTcloga BHITEKAET IeyajbHoe CJel-
CTBHE: KBAHTOBAsl 3JIEKTPOJAWHAMHKA — T€ODHSI, B KOTOPOMH
MeTo]] BO3MYILUEHHI NpUBeJ K HaubGoJbLIUM ycrnexaM,— He MO-
KeT ObITb pacCMOTpeHa B HalleM ¢opMaJu3Me.

ITo moBoxy COOTHOMIEHHS MEXIY pa3BHBaeMbIM 37ech op-
MajJM3MOM H KaHOHHYECKOH TeopHell NOoJiss MOXKHO CKasaTb

1) ITo sTumM mnpoGiemaM cCjeiyeT TaKkKe DPEKOMEHAOBAaTb KHHUTY
[36*].~~ Mpum. nepes.
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caenywouiee; r-pyHKUHH, BBIYUCJICHHblE KAHOHHYECKHM CIO-
co60oM, YIOBJIETBOPSIIOT BCeM TPEOOBAHHSAM, HCIOJb3YyEMbIM
Hamu 3ech s mocrpoeHusi r-¢yukuui [111). ITo sroét mpu-
YHHE KaHOHHYECKHe TeophH (C MOJUHOMHANBHBIMH JIarpaH-
JKHaHaMH) ONpeJesIeHHO NMPHHAJJEKAT K UHCJIY paccMmaTpuBae-
MbIX 3JeCb MozeJeH. YCTaHOBHB 3TO OOCTOSITEJIbCTBO, JIETKO
NOJTYYUTh OJIHO-OJHO3HAYHOE COOTBETCTBUE MEXKY 3THMHU IABYMS
KateropusiMu Mojesei (rj1. 4): 1Ba popMasi3Ma 3KBUBAJIEHT HBL.
Opnako mnoxpoGHoe comnocraB/eHHe ABYX GopMalu3MOB He
GbL10 oCy1ecTBIeHO. BeposiTHo, Takoe cpaBHEHHE Jierye BLIMOJI-
HUTb C TTOMOIIBIO ellle OAHOH, B KaKOM-TO CMBICJIE MPOMEXY-
TOYHOH, (QOPMYJHMPOBKH TEOPHUH BO3MYILEHUH, NMPENJIOKEHHOH
HenasHo dniureiiHom u I'nasepom [16, 17]. Stu aBTOpH B3sAMH
13 KAaHOHHYECKOH TEOPUH HEKOTOphble (popMasbHbIE BHIPAXKEHHUS
tTuna pasnoxenudl ['enn-Manna — Jloy, kotopble MO3BOJSIOT
BbIPA3HTh HCKOMBIE 3aMas3/IbIBAIOLINE K XPOHOJIOIHYECKHE Tpo-
U3BEJIeHHS COOTBETCTBEHHO Yepe3 3anas/bIBalolllie U XPOHOJIO-
rHyecKHe MPOU3BEAEHHS HEKOTOPhbIX MOJUHOMOB Buka mo cBo-
GonubiM mosiaM. OHH NOKa3asiH, YTO 3TH NPOHM3BEAEHHS MOXKHO
onpenequTb CTPOro, TaK YTO MOJydYaeMbie M3 HHUX r (WU T)-
¢byHkuuu OYAYT YLOBJETBOPSATH BCEM aKCHOMATHYECKUM Tpe-
6oBaHusIM. IpyruMu cJIOBaMH, OHU MMEJH JeJIo C TOH Xe mpo-
6/eMOM, UTO W MBI, HO pellajid e€e, UCMOJb3ys KaHOHHYECKME
BbIpaXKEHUsI M MOKasblBasi, YTO OHH 06JafalOT NPaBHIbHBIMH
CBOHCTBaMH, B TO BpPeMs KakK Mbl HCIIOJIb3yeM IOCTYJHPOBaH-
Hble CBOHCTBA NpPSIMO JJ1s1 MOCTPOEHUS] TpeGyeMblX pelleHHuH.

['aBHOE mpeuMyIecTBO Halllero MeToja Mepej KaHOHHWYe-
CKHM COCTOMT B €ro JIOTHYECKOH HpPOCTOTE U HENOCPEeNCTBEeH-
noctu. C caMoro Hauajsa Mbl MMeeM JeJ0 C peasibHOH npobiie-
MOH BO BCeil ee CJOXHOCTH. He BO3HHMKaeT HeOOXOIMMOCTH
HH BPEMEHHO KaJleYHWTb TEOpHIO, BBOAS «obpe3aHue», HH 3aHH-
Matbcsi (opMa/bHBIM JKOHTVIHDOBAHHEM € pPacXOAAIIHUMUCSH
BeJMYHHAMU. B yacTHOCTH, MBI C caMOro Hayaja HaXOAUMCS
B anuabaTHYeCKOM INpejesie, Tak YTO BONPOC O CYLIECTBOBAHUH
3TOTO MNpejesia HUKOTAa SIBHO He BO3HHMKaeT. B To ke Bpems
JlaHHbIl METOJ He npucnocobneH Ans BeiaucaeHuit. C aToil Tou-
KH 3penusi meron rpados PefiHMaHa B TpajiHUHOHHOH dopMmy-

1) OnHa M3 OCHOBHBHIX 3/leCh po6jeM — npo6ieMa CylecTBOBaHUs
afnaGaTHyecKoro npejena — Obila HefaBHO peweHa Xennom [15].
1 Gnaronapen mnpod. Xennv 3a 3To cooblIeHHe.
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JIUpOBKe ropasfo Jydine. KoHeuHo, IOCKOIBbKY 3TH ABa ¢op-
Manu3Ma S5KBHBAJEHTHbl, MOXKHO C(OpPMYyJHPOBaTH IpaBUJa
®Definmana B pamkax Hamero meroga. OJHAKo JO CHX NOp 3TO
HHUKEM He CJieJIaHO.

Haxkonen, cienyer 3aMeTHTb, 4TO aHaJOTHYHBIA opManTH3M
MOXKHO pasBUTb, HCNOJIb3Ysl BMECTO 3aMa3/bIBAIOIIHX X POHOJIO-
rudeckue npoussesenus [9, 17]. Hexoropbie cTOpoHE! Hallero
¢opMasn3Ma MOXKHO YIPOCTHTb, €CJH LIHPE I0Jb30BAThCS
0606LIeHHEIME 3ana3/IbBaloMMH npousBeaenusimu [16]. Onua-
Ko oObluHble 3anasfplBaioline GyHKIuU GoJiee HENOCpeACTBEH-
HO CBSI3aHBbl C (DM3HYECKHM COJEpKaHHEM TEODHH, HCCKOJbKY
OHH cJyKaT KoahUIUEHTaMH B pas3joxKeHHH Xaara JJIsi B3au-
MozeHcTBYytowero modsi (ra. 2). Ilo aTofi npuynHe Mbl npexno-
4YyTaeM OCHOBBIBATb Hall (pOpMa/M3M TOMBKO HAa TaKUX (yHK-
IUAX M npuberatb K OCOOLUEHHBIM IPOU3BEAEHHUSM TOJIbKO
B KayecTBe BCIOMOTaTe/NbHBbIX BEJUYHH B HEKOTOPBIX JOKasa-
TeJIbCTBAX.

3ameuarue 06 o0bo3Haueruax. Bynyr mosesnsl caenywouiue
o6o3nauennsi. Mul GymeM 4YacTo uMeTb A€NI0 € (YHKIHUAMH
HEeCKOJIbKHX I€peMeHHBIX OJHOIO M TOTO e XapakTepa,
BBICTYTNAIOIIMX B TEOPHU CUMMETPHYHO. Y CJIOBHMCSH, YTO TaKHe
nepeMeHHble GYAYT 0603Ha4aTbCsl OJHHUMH U TEMH K€ CTPOYHHI-
MH JIATHHCKMMH HJIH IpeyecKUM GYKBaMH C Pa3JMYHBIMH HHIEK-
camu, Hampumep, (4y, ..., Up) HAH (&, ..., &n) U T. 4.
Bce nepemeHnHble B TaKHX COBOKYIHOCTAX OTHOCSITCSI K OXHOMY
THIY: OHM BCe JIHGO CKansipel, JHG0 4-BeKTOphl M T. A. Ml
OyzneM 0603Ha4aTh TaKHe COBOKYIIHOCTH IPOCTO COOTBETCTBYIO-
IIAMH TPONHCHBIMH OyKBaMH:

U= {uy .. tn}y, BE=1{E ... En} (L1

M 3amUCHIBATD 3aBHCUMOCTb OOBIYHOH WK OGOOUIEHHOH (QYHK-
LMK [ OT COBOKYNHOCTH II€pEMEHHBIX B BH[E

f(uh LS | un) =f(U), f(ui’ o ooy Up, Ei’ o ey gm) =
=f(U, 8 (1.2)
aT. A. KpOMe TOro, Mbl OIlpeaenMm ornepannd yMHOXKEHHS

alU = {auy, ..., auy)} (1.3)



'Beedenuée . . 15

W~ =

(o — mo6oe KOMIIEKCHOE YHCJIO),

n
UP=2 1l (1-4)
n
dU = H1 du;. (1.5)
1=
Eciu nepemenHas u; — 4-BeKTOp, TO | u; | — €ro eBKJIMJ0BA

adba, T. e. | u; |2 = u} + ui. B cayuae 3- u 4-BekTopoB
du; cIOyXWT COKpalleHHbIM oGo3HaueHueM st du; u du;
COOTBETCTBEHHO.



Fra6a 2

®OPMAJIMI3M JIEMAHA — CUMAH3MKA —
HVIMMEPMAHA

B 370/l r1aBe MBI NpHBeaeM NepedeHb TeX NPeJNOoJOoXKeHHiH,
onpeneneHus u teopem opmanusma JICL], koroprie HaM MOHa-
Jo6ATCS. DTO MO3BOJIHT HANOMHUTH OCHOBHEIE 4epThl dopma-
Ju3Ma ¥ BBECTH Heo6XoiuMble o6o3HaueHusi U ycnaoBusi. [loka-
3areJbcTBa W NOJAPOOHblE OOBSICHEHHS], BOOOlIE TOBOPsS, NpH-
BoauTbcsA He 6yayr. Ilpu ussnoxeHnun Mel 6yneM B OCHOBHOM
cienoBath pa6orte [18], HCKIOUMB Julib Pl OMKHGOK B 3HAKAX.

PaccMmoTpuM TeopHio cKajsipHOTo 3pMuToBa monas A (x),
yJ0BJIETBOPSIOLIEI0 akcHoMaM BafitmMaHna B crnenuanbHoit dop-
Me 11 6ECCUHOBBIX YacTHLL Macchl m > 0. st popMyaupoB-
KM 3TOH Teopuu 6yleM HCXOIUTb U3 CJAEAYIOUIMX IOCTYJaTOB.

Mocrynar 1 (kBaHTOBasi MexaHuka). UucTbie COCTOSHHS
TEOPDHH TIPEJACTABJSIOTCS BEKTOPAMH B THJIbOEPTOBOM IIpO-
cTpaHcTBe JS#; HabmionaeMble U Apyrue GuaHyecKue BeJHYHHBL
NpeACTaBJASAIOTCS JMHEHAHBIMH onepatopamMu B J&#.

Mocrynar Il (peasiTBHcTCKass WHBapHaHTHOCTh). Ha &#
OnpeJesieH0 CHJIBHO HeNpepbiBHOE YHUTApHOE MpelcTaBJeHHe
U (A, a) cBssnoit rpynnbl Ilyankape $R1. 3nece A — oxno-
polHas 4YacTb, @ — TPaHCJASLHOHHAs YacTb NpeoOpasoBaHUSA
[Tyankape (A, a).

Moctyaar Il (cnektp). Ilycts

Py = [pudE (p) 2.

— WHOUHUTE3UMaNbHbie TeHepaTophl npeictabienns T (a) =
= U (1, @) rpynnsl TpaHCAAUUH

T (a) = exp {iP,a"}. (2.2)

Torga Hocutenb cnekTpasibHoil Mepbl dE (p) COmepKUT H30MH-
poBaHHYI0O TOYKy p == (), OIHOUaCTHUHHIH  TUNEp6OJOUL

! L
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p?=m?, po>>0, H KOHTHHYYM C p*® > 4m?, po > 0. Ilyctb Ho
M J&#y — NPOCTPAHCTBA COOCTBEHHBIX BEKTOPOB Omeparopa
kBajpaTa Macchl M? = P} — P?, orBeuaouye COGCTBEHHBIM
3HayeHusasM O u m® coorBercTBeHHO. IIpocTpancTBO Sy OfHO-
mMepHo. OHO pacTSIrUBAETCS] OAHMM HOPMHDPYEMBIM BEKTOPOM,
«BaKyyMOM», KOTOpBII Mbl OyaeM 0003HayaTh JH60 Q, 16O
| 0).Cyxenue U (A, a) Ha NPOCTPAHCTBC ¢y 06pasyeT Henpu-
BOZLMMOE NpejcTaBiaeHue rpynnel [lyankape ¢ Macco#t m u cnu-
nom 0.

Moctynat IV (Teopus moas). B S ompenenena onepa-
TOPHO-3HayHasi 06006LieHHAass (QYHKLIUS YMEPEHHOro pccTa
CO CJEAYIOUIMMY CBOHCTBAMH:

a) Kaxmoit ccHoBHOH  GYHKUMH yMepeHHOro pocTa

¢ (X, ..., Xp) € [19], rIe n nNpou3BOJIbLHO, COOTBETCTBYET
3aMblKaeMbli onepaTop
An ((p):-.S dXA (%) ... A(x) 9 (X), (2.3)

HasbIBaeMbiil nosesoim monomom. OrMetuM, uro A (¢) = A (¢).
Bce nosieBbie MOHOMBI OnpesesieHbl Ha 2, B BEKTOPHO-3HAUHBIH
¢yuxumonan V (¢) = A" (¢) Q HenpepbiBeH MO ¢ B CHJIBHOM
TONOJIOTHH TpOocTpaHcTtBa J#. JIuHeiiHoe mnpocTpaHcTBo I,
pectsaruBaemoe Bektopamu A™ (¢) Q, n =0, 1, 2, . . ., mjor-
1o B . OTMETHM, YTO 3TH NPEIINOJIONKEHHS O3HAYAIOT, YTO
onepatop A™ (¢) onpenenen Ha Z.
6) Onepatop A (¢) 5PMHTOB NpPU BELIECTBEHHBIX (.
B) A (x) npeobpasyercs rpynnoii B} kak ckansp:
A (Ax 4 a) = U (A, a) A (x) U* (A, q). (2.4)
r) A (x) nokajen:
[A (x), A(y)] =0, ecin (x — 4)* << 0 (2.5)
(MBI TIOJIB3YEMCSI METPHKOIL, B KOTODOIHl KBaipaThl BpEeMEHHUIIO-
JOGHBIX BEKTOPOB TOJIOXKHTEJNbHBbI).
I) A (X) uMeeT OTJHYHbIE OT HYJS MaTPUUYHBIE 3JIEMEHThI
mexxny Q M BekTopaMH M3 #y. OH MOXKET OBITh HOPMHPOBaH
TaK, 4TOObl 3TH MaTPUYHbIE 3JIEMEHTHl ObLIH pPaBHBI COOTBET-

CTBYIOUIMM 3JIEMEHTaM JJist cBOGOJHOrO noJsi. BakyyMHoe cpen-
ee oneparopa A (x) nonxHO o6pawartbcst B HYJb:

O]A (x)]0) = 0. (2.6)
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dro ycnoBHE HHKOMM 06pa3oM He OrpaHuYMBaeT OGLIHOCTH
TEOpPHH, MOCKOJbKY €My MOXHO BCErla YJI0BJETBOPHUTh, A00A-
BUB K A (x) NOCTOSIHHOE C-YHCJIO.

[Tyctb

A(p)=(2n)~"? S dxeiP*A (x) (2.7)

— ¢ypbe-o6pa3 oneparopa A (x). 3amerum, uyro (HecoGCTBEH-
HoMy) Bektopy A (p) @ coOTBETCTBYET HMMYJbC —p, TOrAA
KaK BekTopy A* (p) Q COOTBeTCTBYeT HMIYyJbC p. ITO
HECKOJIbKO HEOXHIAHHOE YCJIOBHE, a TAK¥Ke CTPaHHAas CTeNeHb
(27) B dopmysie (2.7) BbI3BaHbl HALUUM XKEJAHUEM NPHAEPIKH-
BaTbCSl T€X HOPMHPOBOK, KOTOpPbi€ OOLIMHO IPHHATHI B TEOPUH
cBoGoaHoro noJsisi. HopMupoBka 1. «a1» o3Hauaer, 4To JJs JBYX-
ToOueyHoH (YHKUHH CNpaBelIHBO CJEAYIOLlee IpeACTaBJeHHE
Uennena — Jlemana:

O1A(p) Aq)10)=06%(p+q) {8+ (p) +
+ 08 (po) o (p?}, (2.8)

6+ (p) = 6 (£po) 6 (p* — m?), (2.9

a 0 — Mepa YMEPeHHOro pocTa C HOCHTeNeM B p? = 4m?.

B 3THX NpennosioKeHHsIX MOXKHO J0KasaTh CJeLyIOoLiHe
aCHMITOTHYECKHE YCJIOBHS.

[Tycte & © f — npocTpaHCTBO OCHOBHBIX (YHKUMI [ (p)
C HOCHTEJIEM, COJIePIKAIUMCS B

G={p 0 p*<<4m?, po=0}. (2.10)

rae

C ocHoBHO! dyHKIHeH fE€F Mbl CB3bIBaeM onepaTtopHO-3HAY-
HYI0 QYHKUHIO

As (= | dpe=1r T+ (p) A (p), 2.11)

rae
pi poE o), o@=-+E"+m)" (212
Ilyerp (%) — CKaJlsPHOE  SPMHTOBO cBOOOAHOE THOJIe

Maccel . Ero ¢ypre-o6pas A®™ (p), onpenenennbiii hopmy-
Jo# (2.7), uMeer BUL

A% (p)=8, (p) A (p)+6_(p) A%* (—p),  (2.13)
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TNpHYeM R X
(A% (p), A™ (@)1=0

(A (p), A" (q)1=20 (p) & (p—q).

Kaxpoit ¢yHkuuu f (p) € comocTaBUM oONepaTop YHHUTOXKE-
HUA

(2.14)

A5 = [ 2B fr (p) A (p). (2.15)

AcumntToTHuecKHe YCJIOBHSI (OPMYJIHPYIOTCS  CJIEAYIOMIUM

oGpasoM. CymecTByioT ABa cBoGofnbiX noasa A™ u A, neii-
CTBYIOIIUX B S, TaKux, '~lTO onepatop Ay (f) cxomurcs npH

t — 400 K omnepartopy AA HJIH AA COOTBETCTBEHHO, TAe
f @)=TF( (), p), (2.16)

B OJLHOM M3 YKa3aHHBIX HIXKe IBYX CMBICJIOB.
Acumnmomuueckoe ycrosue Xaaea — Prwoaas. Bekrtop

O @)=AP (f) ... A () Q (2.17)
CXOAHUTCHA CHJIBHO K BEKTOpy
ex ex (k) ex (%)
::14?1 ...A;n Q, (2.18)
st-lim @ (£) = @, (2.19)
t—> 400

IJle HHIEKC «eX» 3aMeHseTcsl Ha «in» npu {— — oo i Ha «out»
npu ¢ — + oo. CumBos *) o3Hauaer, uTo 3Be3[0YKa Haj OIe-
paTopoM HJIH eCTb, WK ee HeT. Ec/i 3Be30UKH MMEKTCSs, TO
oHd GyAyT Yy OOHHUX U TexX ke omepatopoB B (2.17) u (2.18).

Acumnmomuueckoe ycaosue JICL{. Cocrosinue P una (2.18)
Ha3blBaeTCsl «HerepeKPhIBAIOLIUMCS», €CJIM HOCHTETH BONHOBBIX

byHkuu# f; B3auMHO pasgeneHel. Ilyctb £8* — nuHeliHas
o60JI04Ka BCeX HelepekphiBalOIUXCsA eX-coctosiiuid. Torma
oneparop A§¥(f) onpenenen Ha L U CXOXUTCS cabo K omne-
paropam Af’“*’ npu { — o= oo

w-lim A (f) O = ATV O™ (2.20)

t—>+4o0

AJsi BEKTOpoB @ex € FeX. 3nech ONATb CHMBOJ «€X» CITYXKHT
BMecTO «in» uaM «out». OrpaHuyenne HenepekpHIBAIOLIHMHUCS
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COCTOSIHMSIMH YIA€TCsl CHATh B TeODHH Bo3MmylueHu#. Tam ome-
patops A§*(f) ompenenennl Ha BCeX COCTOSIHHMAX BHaa (2.18)
HE3aBHCHMO OT TOT0, KaKOBbl HOCHTeNH Y (GYHKuui f;, u y10B-
JIETBOPSIIOT IpenesibHOMY ycaoBuio (2.20). B panbuefiieM Mbi
OyzeM 0OCYyXJaTb TOJbKO TaKyl CHTYyalHIo.

[Tyctb J#* — GOKOBO IPOCTPAHCTBO ONEPaTopoB Aex,
T. €. IH/IbGEPTOBO NPOCTPAHCTBO, HATIHYTOE Ha BeKTOphl Pex
Buga (2.18) npu n =0, 1, 2, . ... Mb norpeGyem, 4TOOBI
BRINOJIHSAJICS

Mocrynar V (acHMnTOTHYECKAas NOJHOTA)

HM =" =H. (2.21)

Baxueiimmum uHcTpymentoM B dopmanudme JICLL ciayxat

3anaslviearouiue npouseedenus R (x;, . . ., Xp), KOTOpbIE ONpe-
JENISIOTCST CJAELYIOUUMH YCJIOBHAMHU:

1) 3anaspeiBatouiee npousBenenue R (x4, . . ., Xp) fABJsIET-

Cs omepaTOpHO-3HAaYHOH 06O06lLIeHHOH (QYHKIHeH yMmepeH-
Horo pocra. Ero 3HauseHue R (@) Ha OCHOBHOH (QYHKUHMH
@ (x4 ..., X,) EF o6nagaer CBOACTBaMH IIOJIEBOTO MOHOMa,
ycranaBiuBaeMbiMH moctynatoM [V,a. Hwnaue rosops, 370
3aMBIKaeMbIi OmeparTop, OMNpefesNeHHBI Ha NpocTpaHcTBe P
u oTobGpaxaiouil & B cebs.

2) IlpousBenenue R (@) 3PMHUTOBO NPH BELIECTBEHHBIX .

3) R (x) = A (xy).

4) Tlpoussenenue R (xy, X3, ..., X,) HHBAPHAHTHO OTHO-
CHTE/JIbHO TNEePECTAHOBOK apryMEHTOB Xy, . . ., Xp.

5) TlpousBenenne R yNOBJIETBOPSET TOXKIECTBaM

R (X, Y, X1, - o o xn) —R (!/, Xy Xy o 0 oy xn) =
= — )[R (x, X1), R (4, Xp), (2.22)

rjle CyMMHDOBaHHe NpPOM3BOAUTCA MO BCeM pa3GHEHMSIM COBO-
KynmHOCTH repeMeHHbiX X = {Xj, ..., X,} Ha JBe B3aMHO
JOTIOJTHUTENbHbBIE TOACOBOKYNHOCTH X u Xpg, NpHYEM OAHA
H3 HHUX MOXET GBITb NYCTOH.

6) Hocurenp R (xy, . .., Xp) CONEPIKHUTCS B MHOMKECTBE

To = {1, .. . %) 1 (4 — X)) €V o
i=2, ... n) (223
rae V, — 3aMKHYTHIH Konyc Gyaymmero.
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7) TlpousBeneHue R KOBapHAaHTHO:
R(Axy+a, ..., Axp+0) =
= U (A, @) R (x4, . .., xn) U* (A, a). (2.24)

O6bexTbl, YAOBJIETBOPSIOUIYE 3THM YCJOBHAM, Ha3bIBalOTCS
«pe3KUMHU» 3arna3ibiBaIOIIUMH Npou3BeAeHUAMH. Beerna v onu
CYLIECTBYIOT B Teopud BaliTMaHa, yaoBJeTBOpSIOLIEH MOCTY-
jJatram [—V, B HacTosiuiee Bpemsi Heu3BecTHO. [Jo cux mop
B CTOJIb OOLIMX NPEANOJIONKEHHSAX YAAJ0Ch [0Ka3aThb CYIIECT-
BOBaHHE JIUIIb «IJIaJKHX» 3ana3jblBaloLUX TPCH3BEIEHHI.
[TocseHue OTJIMYAIOTCA OT «PE3KUX» MPOHU3BENEHHIH TEM, UYTO
UX HOCHUTeJb JIEXKHUT B e-okpectHocTH Tn. Kpome Toro, yciobue
KOBapHaHTHOCTH (2.24) crnipaBefJIMBO TOJbKO JJIsl TPaHCJSIKH,
a He ass cobGcTBeHHBIX mnpeobpa3oBanuil Jlopenua. OpHako
B TEOPHMH BO3MYLIEHHH «pe3KHe» MPOU3BENEHUsI R CYLIEeCTBYIOT,
TaK YTO He CJIe[lyeT MpOosBJATb 6€COKOACTBA 110 3TOMY MOBOAY .

YcnoBus 1—7 He onpenensior NPOH3BENICHHS R opanosHay-
Ho. Ho 3rto HnecymectBenno. [lis nanbHefiiero npuroieH
JIT000# Hab6op onepaTopoB R, YIOBJIETBOPSIIOIUX YCJAOBUAM | —7.

BakyymHoe cpexnee omepartopa R Ha3blBaeTCs 3anasdo-
saroujeti Qynkyueil u o6O3HAYaeTcss depes r:

r(X) =(©]|R (X)]|0). (2.25)
Onpenenum dypbe-06pa3 r GYHKLUMH 7 PABEHCTBOM

r(P1y - .., pr)=(2m)"5"/* S dXexp{i > pjxj} X
X (X1, ...y Xa).  (2.26)

®ypbe-o6pas R onepatopa R onpenensercs aHaJOTHYHO.
DYHKIHA r UMEET BUA

T (Pry oo Pn) =0 7 (Pry - .y pa). (227)

3necp O-pyHKUMS BHIpAXKAET 3aKOH COXPAHEHHS JHEPTUH-
umMnysbca. QyHKUMS 7 ONpeeseHa TONbKO Ha MHOTro06pa3uu
Zp,- = (, Tak YTO OfHAa M3 TNEPEMEHHHIX B HeH BhIpaXkaercs
yepe3 ocTaJjbHEIE.

«AMnyranus» QYHKIMH 7 TIO TEPeMeHHON p; O3Hauaer

yMHOxeHue ee Ha (p? — m®). B x-nmpocrpaHcTBe 3TO COOT-
BETCTBYeT mnpHMeHeHHlo oneparopa  Kaeiina — [opnona



22 Trasa 2

— (O + m?. Onpenenum pyHKIMIO
ramp (pi) coey Pny Q1 o e ey qz):

l
=1l @—m7(p ), (2.28)

TaKylo, 4TO NepeMeHHbIe, CTOSIIIEe CIIpaBa OT TOYKH C 3aNATOH,
«aMIyTHPOBAHLIY.

Paccmorpum  dyHKUHIO —ramp (pi, ey Pay Quy - oy Qa
g;» - - -» gp) B OKpPecTHOCTH 3HaueHu#t g7 = 0, gi* = 0, T. e.
NIl 3HAYeHHH NepeMeHHBIX ¢; BOJIM3M NOJOXHTENbHOH 3Hep-
FeTHYeCKOll NOBEPXHOCTH, H 3HAYEHUI MepeMeHHHIX q; BOJIH3H
OTpHIATeJbHOH 3Hepreruyeckoil nosepxHoctd. IlepemenHnle gi
Y gi* MOXHO paccMaTpuBaTb B KayecTBe HOBBIX MepPEMEHHbIX,
3aMEHSIIOMUX G;0 ¥ (ip. TakKyr OOOGLIEHHYI0O (DYHKIIMIO Mbl
no-npexkHemy OyJeM HasbBaTb ramP, HECKOJIbKO 3JI0YNmoTpeod-
Jsisi 3TuM o6osnauenueM. Ilyets ¢ (P), f (Q), g (Q') — ocHoB-
Hble GYHKUUU ymepeHHoro pocra. OnpenenuM ¢pyHKUIHIO

p(Q, @)= dPdQdQ’e(P)[(@)g(Q) x
X ramp (P; Q, Q, Q'+, Q). (2.29)
[TpennonioxuM, 4YTO GYHKLUUS O HENpeprlBHA B OKPECTHOCTH
Hayasna koopauHar. Ilocsennee cnpaBemsuBo B TEOpUHM BO3-
myueHuii. B ofueM ciaydae OblJIO JIMIIB JOKAa3aHO, YTO OHO
caenyer u3 nocrynaroB [—IV, ecau npoussenenue fg obpa-
1aeTcsl B HYJIb BMECTE CO BCEMH CBOMMH NPOHM3BOAHBIMHU B TOY-
Kax, rjae qubo JBe mepeMeHHble (;, 1160 1Be INepeMeHHble qj,
au60 ofiHa M3 q; ¥ OfHAa M3 —q; coBnagawot [20].
[Tyctb
in__ pin¥ in* in__ pin* in*
O =45 ... A3 Q, YU=A3" ... 45 Q (2.30)
— JIBa cocTosiHUSA Bufa (2.18). MaTpuuHblii 3JeMEHT
M=(®"™, R(py, ..., p)) ¥™) (2.31)

MOXKHO BBIPa3HTb Yepe3 (GYHKLHUIO r2MP ¢ TIOMOLLbIO pedyK-
YUOHHOU ghopmy vt
min(n, m)

M: Zl() (azﬁ 11_—_:[ (fo‘v gﬁl chn (al) R(P) I”' ﬁ))Ttunc
o (2.32)
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31ech BTopass cymMma GepeTcsi Mo BCeM BO3MOXKHEBIM CrocoGam
CrnapuBaHUs v HHIEKCOB a;, 1 << o; << n, ¢ v ungekcamu P,
1 <B; <m. Cocrosnuss ®Din (oc ;) nu Yo (B;) nomyuatorcs
u3 cocrosguusg @dir y Win cooTBETCTBEHHO, €CJU B IOCJAEIHUX
ONYCTHTD T€ ONEPaTOPhl POXKJIEHHS, BONHOBEIE ¢>yHKLmn KOTO-
pBIX f j ¥ GnBXOJAT B OJMH U3 MHOMHTeJIel (fal, %’BJ STH MHO-
JKHTEJH HMEIOT BHI

(i, &)= 5o ®) 2 ®). (2.33)

Hakonern,

(q)in, 7’? (P) IFin)Trunc:

= (2" | TT 1da8. (95) Ff (@)1
j=1

X TT [dq:8+(q5) gn (i)l 72@P (P; Q, —Q').  (2.34)
h=1

CorstacHo npenmnosioxenuto (2.29), 3TOT HHTErpPas CYILIECTBYET
Kak obo6uieHHast (YHKUHS NepeMeHHbIX P.

O6pasysi BakyyMHbIe CpefHHe TOXKIECTB (2.22), cyMMupys
B NPaBO# 4aCTH 110 OJIHOMY Habopy NPOMEXKYTOUHBIX in-COCTOS-
HUH W NOJAb3YySICb PENYyKUHOHHOH (opMyJioli, MBI MNojJydyaem
YpasHeHus noatomst, wau ypaBHeHusi I'yazepa — Jlemana —
Ilummepmana (TJILL), [8]

Fp, 4. P)—F (g, PI=—i 3 G SHdkz

L,R =1

X {116+ (ki >—116 i) } 72 (p, Pri—K)7me (q, Pr; K).

(2.35)

3necb P 0603HauaeT COBOKYMHOCTb [IEPEMEHHBIX {P1, « - +, Pn}s
a CyMMHDOBAaHHE . NPOM3BOAMTCA IO BCceM pa3bueHHAM P
LR

Ha JB€ B3aHMHO JAOIIOJHUTEJbHBIE ITOJCOBOKYITHOCTH PL H PR-
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B x-mpocTpaHcTBEe 3TH YpaBHEHHsI NPUHHMAIOT BHUJ
!

r(x, Y, X)—r(y, X, X):-'—i 2 Z ;—: S H[dui dvi]x

L, Rl=1 1
X KH (U —V)rame (x, Xp; U)rame (y, Xg; V),  (2.36)
rie X={xg, ..., xn}, U={wy, ..., u;} u 1. 1,
1 1
K (U—V):[il A, (ui—vi)—IIA+(vi—ui), (2.37)
A @)= — 7 5 dpS, (p) e-irt. (2.38)

[leHTpasbHbIM 3BEHOM Halllero MOAXOAa B TEODHH BO3MYIIle-
Hull siBasiercs Tteopema ['nasepa — Jlemana — llumMmepmana
(LJI) [8, 18]. B ueit yTBepxkiaercs, UTO ONMHCAHHAS BHILIE
TEOPHSl TOJIS TOJHOCTBIO XapaKTePH3YeTCS CBOMMH 3anasjibl-
BalOWUMH (PyHKUHAMH, ¥ (OPMYyJHPYIOTCS YCJIOBHA, IIpH
BBINOJIHEHHH KOTOPBIX 33JaHHbIH HaGop 3ama3bBaomUX GYHK-
UMH ompezessieT HEKYIO TeOpHI0 moJsist. Mbl npuBeleM Takoi
BapuaHT 3TOH TeopeMbl, KOTOPBIH CMeLHaJbHO NpHCIOCOb/IeH
K TOTpPeGHOCTSM TeopHuu Bo3MmylueHu#. ITpennonoxenus, koro-
puie GOpPMYJIUPYIOTCS HHXKE, CHJIbHee, 4eM Heo6XOAUMO, HO OHH
BBINOJIHSAIOTCS] B TEOPUM BO3MYIEHUH U 06/1aJaI0T TeM TIPEeUMY-
[Il€CTBOM, YTO HO3BOJISIOT 3HAYHUTEJNbHO YNPOCTUTH (HOPMYJIH-
poBky Teopemnl I'JILL.

_ Ilpexkne uem cdopMysupoBaTh 3Ty TeOopeMy, Mbl BBELEM
HEKOTOpBHIE HOBbIE NOHATHS H OGO3HAYEHHS.

a) Pyuxkuus [ (44, . .., Up) Ha3LIBAETCS HEMPEPLIBHOM
B cwMmbicse [énpjepa ¢ uHaekcoM &, &€ > 0, ecju BeJuYHHa
u a ceey U an)— Ugy ooy U
f(1+ 1y ’nl'tl'ré) f(l 9 n) , |A|2 Za“

ocraercsi orpaHudenHod npu | A | - 0 nns Bcex u;. BBenmem
npocrpaHcTBo H, (yHKUuH, HenpepuiBHBIX B cMbicje [é/b-
Jepa M OblcTpo yObIBaloIUX Ha GeckoHeuHocTH. Ero ssemen-
TaMu ABasAoTca GYHKUMM f (U), A1 KOTOPHIX CNpaBeiJkBO

ycJoBue
_ N LFU+A—[U)]
I llv=, Sup {(1+U)" 1] ) == } <

<oo  (2.39
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I/l TIPOH3BOJILHOTO KOHEYHOro Ao M BCEX MOJIOXKHTENbHBIX
uenbix creneneit N 1),

6) B dopmysne (2.15) mbl npennosiaraem, uYTO BOJHOBAas
¢yHKuMA f — ocHOBHasi GYHKUHS yMepeHHoro pocrta. PakTu-
YeCKH OmNepaTophl A}", 06pa3oBaHHbIE M3 ONMEpaTopoB CBOGOJ-
Horo mossi Ae€X, cymecTByloT Ha 6oJiee IIHPOKOM KJiacce BOJI-

HOBBIX (yHKUMWI, a HMEHHO Ha BeeX QYHKUHAX f, A1 KOTOPHIX
Bp Ry
S o) [F(p) [ < oo.

ITO MPOCTPAaHCTBO CONEPHKHUT, B YACTHOCTH, (YHKLHH f(p)E

€ He, €>0. Bonee Toro, ans QyHKuMit f(py, .., Pn)€ He
CYILLLECTBYET BEKTOP

ex d3py d3p, &
(Df —S 20 (py) "7 20 (pn) f(pia X} Pn)X

X A (py) ... AT (pn) Q. (2.40)
ﬂHHEﬁHOE IIPOCTPaHCTBO, HaTAHYTOE Ha BCe BEKTOpbI TAKOTO

BHJa, Mbl OyleM 0603Hauath Lg .
B) BBenem BcrnomoratenbHyio QyHKUHIO X (p) 4-BeKTopa p

CO CJEAYIOUMMH CBOHCTBAMHU: j TNPHHAIJERHUT K Kiaccy C,
x =1l pp= o (p)u
supp x < {p: po=>0, 0<<A < p®<<B<4m?}, (2.41)

rie A u B BuIGpaHbl Tak, uTo (p + q) § supp x, ecau p, ¢ €
€ supp x. DPyHKUHIO ) MOXKHO BHIOpaTh B BUJE

% (p) = 0 (po) x (P9, (2.42)

rre_y (m?) =1 u supp y = {4 < p* < B).
Tenepp Mbl MoOxeM coOpMYyJHPOBATb Hall BapHAHT TEO-
pembr 'JILIL.

Teopema 2.1.

IMyers 7 (xyy .. ., Xp), n =2, 3, ...— 00600I1€eH-
Hble (YHKUHH YMEPEHHOTO POCTa CO CJEAYIOUMMH CBOMH-
CTBaMH:

1) BoJsHoBbIe GyHKIMH, HenpepbiBHEIE B cMbicae ['éabaepa, BBeeHbl
Ineitnepom [21]. CsoiicTBa ¢yHKUMil, HenpepBIBHEIX B cMbicie I'éin-
Iepa, onucaHel B 3Toi pabore, a Takxke B paGorax [22, 23].
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A. ®yukuus r (X) BeliecTBeHHa, HHBapHAHTHA OTHO-
CHTENbHO mnpeo6pasoBaHuii u3 rpynnbl B! U HHBapu-
aHTHA OTHOCHTE/bHO NEPeCTaHOBOK IepEMEHHBIX Xg, . . .

.y Xp.

Bb. Hocurenp ¢ynkuuu r (X) comepxurcs B obmac-
tH T,, onpeneneHHoél ycnoBuem (2.23).

B. Ilyere 0<<e<<'p uf(p;, Py -+ PBr Pps
G1s - - qy) € Hey, @ (Ry, . . ., ky) € &. Torna pyHkuus

v B8
F(, @=TIx(—an | 4K P TL 2 () 0 (K) x

x f(P~, P, Qram» (K; P-, P, Q)  (2.43)

CYIIECTBYeT W INPHHANJIEXHT OPOCTPaHCTBY Her nad
Joboro & << e. OT™MeTHM, YTO apryMeHTamH BceX QyHK-
II1H B NOABIHTETPaJIbHOM BhIpaXKeHuu (2.43) ciienyer BoIOH-
patb P-, P, a He Py, P. Cnyvaéi a =0, f+ 7y =2

HCKJIIOYaeTCs.
[. ®yHKUHH r YAOBJETBOPSIIOT ypaBHEHWSIM TOJHOTHI
(2.36).

[Ipyu BBIMOHEHUH 3THX NPEANOJIOKEHHH pa3soXKeHHe
Xaara

oo

A(x)= Z Tl'—S duy ... duram™® (x; 4y, ..., W) X
=1 )
X A () L. AT () (2.44)

CXONUTCS CHJBHO Ha NPOCTPaHCTBE Lo’ W ompenensier
nose Balitmana, ynoBserBopsiouiee nocrynaaram [—V,
npuueM 3aJjaHHble 3Jechb r-GYHKUHH — 3TO 3anasjblBaio-
e ¢pyHkuud camoro noas A (x). Bosee TouHo: 3amaH-
Hble (YHKIHUH r NPEACTaBJAAIT CO60H BO3MOXHBIA Habop
sanasjpiBaromux Gyakuui noas A (x). (dro yTouHeHHe
Heo6XONUMO BBHJAY  HEEIUHCTBEHHOCTH OIpe/eseHus
GyHKIHH 1.)

¥Ycnosue B B 3TOH Teopeme rapaHTHpyeT CYILECTBOBaHHE
MHTErpaJjoB, BXOASILIUX B ycJoBHe MOJHOTH (2.36). YcaoBue I
IIOMHMO BCEro COIAEPXKHT IpeiroJOKeHHe, 4YTo cymma B ¢op-
myJae (2.36) cxomurcs. TouHee, mpenmnosaraercs, 4To CyMma
10 / CXONUTCS MO OTAGNbHOCTH I/t KaxJoro paséuenus (L, R).
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ITBoetoune B popmy.ie (2.44) 06o3HauaeT BUKOBO (HOPMaJIbHOE)
NpOU3BENIEHHE.
Pasnoxenue (2.44) MOXHO 0GOGLIHTD:

- 1
R(%t, «ovr Xn)=1 (%1, «+ vy Xn)F D) T'.‘S duy ... du, X
=1

X PP (X0 Ly Kny Ugy eee, W) AT (W) Lo AT ()i (2.45)

JlokasaTesbcTBO 3TOro BapuanTta TeopeMbl ['JILI MoxxHo
6e3 Tpyaa NoJy4uTb H3 J0Ka3aTe/lbCTBa Gosee 06LIero BapuaH-
Ta 3TOl TeopeMbl, npuBeneHHoro B pabore [18]. Cuibnas dopma
npennoJioxenusi B, KoTopoll MBI BOCIIOJIb30BaJNKCh, H36aB/ISET
OT HeOGXOAMMOCTH TpH (OPMYJHPOBKE TEOPEMBI BBOAMTH
o6o6lieHHbie 3anasablBaouie (YHKIHH, XOTA OHHM BCE Ke
yIoGHbl NpH ee JoKasaTtenbcTBe. MOXHO J0Kas3arb, 4To npu
CHEJAaHHBIX TMPEINOJNIOKEHUAX 3TH PYHKIHUU CYLIECTBYIOT H 06-
JIAJAl0T HaJJIeXalUMH CBOHCTBaMH.

ITockosbKy KOMOMHaTOpHasi 4acTh JOKa3aTe/bCTBa Teope-
Mbl M3JIO}K€Ha JOBOJbHO KpaTKo H B pa6ore [18], u B opuru-
HaJbHOH paGore [8], MBI H3/I0XKHM 3[€Chb ellle pa3 IJaBHbIH
pasjgesn JoKa3aTeJbCTBa: JOKaMeM, UTO 3anasfblBalolliye ore-
patopsl Buaa (2.45) ynoBaeTBOpSIOT ToxkaecTBaM (2.22). Jro
JIOKa3aTeJbCTBO MOXKET TaKxe CJYXKHUTb MOJENbI0 aHaJOTHY-
HBIX BBIKJIaJIOK, KOTOpbIe NOTPEOYIOTCS HAM HHXKe, HO He 6VayT
NIPUBOJUTBLCS SIBHO.

I IpOCTOTHl OTPAHHYHMCS JIBYXTOUEUHBIM CJIydyaem

R(x,y) — Ry, x) = —ilA(x), Al (2.46)

O6061enne Ha MPOU3BOJIbHBIH CJydyail MPOBOAHTCS HENocpes-
CTBEHHO.

IIpeo6pasyem npaByio uyacTb ¢Gopmyawl (2.46), moacraBus
B Hee pasyioxenue (2.44):
[TpaBast yactb= —i[A(x), A(y)]=

co o0 l v

=—i{ 3 3 47 | I duTT v (x; U) oo 35 V) x
1 1

1=01'=0

XA () AP () A () - AR (0): —(x < y)} . (2.47)
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CorstacHo Teopeme Buka, umeem

. . . . min(, 1)
AT () oL AT () AT (o) L AR ()= D) i x
h=0
XD Ap(ui—ui) oo A (U —05): AT () L. A (o)

(iys Iy

(2.48)
Bropasi cymMa Gepercsi mo BCeM BO3MOXKHBIM CIIapUBaHHSIM R
[epeMeHHbIX u; U k mepeMeHHbIX v;. UepTa Haj HOpPMaJbHbIM
[pOU3BefIeHHEM O3HayaeT, YTO B HEM OIYIIEHbI Te ONepaToph
AD aprymMeHThl KOTOPHIX BXOISIT B OAMH M3 MHOxHTesell A,.
3ameTHM, 4TO B CHJY CHMMETPHH GYHKIUH r Bce ujeHsl B ¢op-
myJe (2.48) ¢ PUKCHPOBAHHBIM UHCJIOM E JAIOT OJMH H TOT XKe
BKJaJ B BoipaxeHue (2.47). IToatoMy H0OCTATOUHO BBIYHMCJIHTh

BKJ1aJ TOJIBKO OJHOrO 4J/ieHa, a 3aT€EM YMHOXKHUTb €ro Ha MNoJIHOE

4HCJI0 (2) (Z)k! TaKHX YJEHOB:

oo oo min(, ) ) 1 1
— 'S S SRS S
INpaBasi yacTb = {S‘ ) 2, L 7y Ry s iR
1=0 I'=0 k=0
1 v k
S Hdu,H do; T A+ (uy—vy) ramp (x; U) rame (y; V) X
1 v=1
X :Am (tnst) + .- A™ (@) A (Onyy) - .. A™(0): — (x> y)} .
3aMeHHM 0003HauYeHHEe MepPeMEHHBIX:
(uk-H'r ceny Upy Upgty oo ey vl’)_>
"+(w1, coey Way Waggy ooy wa+b), a:l—‘k, b:l'_k
M U3MEHHUM NOpSAOK CYMMHPOBaHHSI (MOXKHO II0Ka3aTb, 4YTO
3TO JONYCTHMO B TOM KOHTEKCTe, B KakOM OYAEeT HCHOJIb30-

BaH 3TOT pacuer). B pesynbrare TOJTYYHM
SRR B
[TpaBast yacTb= —1i { 2 $‘ Z T—,—-b—s Hdw,
h=0 a=0 b=0
)3

X A (@) ... A (Wass): H[du, dviAy (u;—vi)] X
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X r30P (x5 Wy, ..., Way Uy, - 0oy Up) X
Xramp (y; wa+1’ ey wa+b, Ul, ey Uk)_(x('_’y)}————
0o 1 [ a
. o 5 .
=—‘{ Do 2 (a) Sﬂdwi AR (@) ... AT (wa): X
a=0 a=0 i

00 3
ih
X D5 S I1 [du: doiA, (i —0i)] X
h= 1
X rEMP (x5 Wy, . v.y Wa, Uiy o ooy Up) X
X PP (s Waigy ooy Way Vgy o v oy vh)—(x<—>y)} .
BenencrBue cuUMMETpUM HOPMAslbHOTO TNPOU3BENEHHS CYMMY

o
(e 2
> (a) MOXKHO 3aMEHHWTb Ha CyMMY Zk rle CyMMHpOBaHHE

=0 L,
NIPOBOJHUTCS MO BCEM BO3MOXKHBLIM pPa30HEHHSIM COBOKYIHOCTH
nepemennnx W = {w,, ..., w,} Ha [IBe B3aUMHO JIOTOJHH-

TeJbHble NOACOBOKYNHOCTH Wir u Whg:

IMpaBast yacTb= —i | %S dW :A™ (wy) ... A" (we): X

a=0

{2 2 SHW dviA (s —vi)] r2me (x; Wi, U) X
R

1

X 1 (s Wy, V)— (v <) }

CpaBHuBasi 3TOT pesyJbTatr ¢ ¢opmy.oit (2.36), moayuaem

0o [¢7
Ipasast wacTb = — > %S I dwi :A™ (@) ... A™ (wa): X
1

=0
X {ramp ()C, y; W/)_ramp (y’ x5 W/)}=R(x, y)_R(y9 X),

YTO H TpeboBaJOoCh H0Ka3aTh.

Teopema ['JIL] B ToM Buge, B KakoM OHa copMyJHpOBaHA
Hamu (cM. Teopemy 2.1), Bce eme He o6ianaer ToH Gopmoi,
B KOTOPOH MbI OyneM ee HcmoJib3oBaTh. HeobGxoaumo nepedop-
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MyJHpPOBaTb €e B TEPMHHAX TMOJHOCTbIO aMIyTHPOBAHHBIX
r-dyukuuid. Mol onpenenum QyHKIHH

FATP (x4 ..., Xp)=(— 1)"I11(Dxi—l—m2)f(x1, ey Xn)s
(2.49)

n
rAmp (ph ey pn)==I1I(p%—m2)r(p1, ey pn)-

Otu GyHKIHM rATP — o6o6lIeHHble QYHKIIMH YMEpPEeHHOro
pocTa ¢ TeMHU K€ HHBAPHAHTHHIMH CBOACTBAMH H TEMH K€ HOCH-
TeJIAMH, YTO U caMu ¢yHKUUH r. McxonHble GyHKIMU ¢ MOXHO
BbIPA3UThb uepe3 rAmP B Buje

(Xt - ey Xn) = S dyi ... dyaDr (xi— y1) Ar (Yo — X3) - . -
e AR (yn_xn)rAmp (yh ey !/n),
TPy« ooy Pr)=(p} —m2~+iepy)™t X

X Hz (P} —m?® — iepio) 1 TAMP (py, ..., pr),  (2.50)
rue

Mn® = (@) | dp—t (2.51)

p2—m2+iepy °
Ceeptka B x-mpocTpaHcTBe BHaa (2.50) CyiiecTByeT H HMeeT
JIO/DKHOTO HOCHTEJISl M COOTBETCTBYIOLIHE HHBAPHAHTHbBIE CBOMH-
CTBa, €CJH OHHM HMEIOT MeCTO s (QYHKUHH rAmp,
YpaBHEHHUS NOJHOTHI AJIsi aMIIYTHPOBAHHBIX QyHKLUHH MOXK-
HO TONY4YHThb, NojaedcTBOBaB oneparopamu Kaeiina — ['oprona
N0 MNepeMeHHbIM X, Y, X, ..., X, Ha 00e YacTH paBeH-
cTBa (2.36). Bee cBomgutest mpocTo K 3ameHe GYHKUMH r U ramp
Ha (QYHKIHH rATP i Toyek ¢ 3ansToi B aprymMeHTax QyHKUHH
rémP Ha 3ansitble. KoHEuYHo, TOT e pe3y/JbTaT HMEeT MECTO
u aas ¢opmyasl (2.35) B p-npocrpancrBe. CyliecTBeHHas
ocobeHHoCcTb 3THX YypaBHenuit I'JIL[ masi amMmyTHpoBaHHBIX
GYHKUMHA CBsdaHa C TeM, TO B HX NIpaBOH 4acTH HCYe3aer
JAByxToueyHass GYHKLIHs. UToObl y6emIHThCST B 3TOM, paccMorT-
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pum cayuait n = 0 B cdopmyse (2.35) B obmactu p? << 4m?:
r(p, )—r(q, p)=
= —i(2n) [ dk {8, (k) —5- (R} 7o (p; — k)

X 130 (g; k). (2.52)

Unensl ¢ /> 1 B 3T0H 06JacCTH HE JAIOT BKJafa BCJEACTBHE
CBOHCTB HocHTesss (YHKHMH 84 W TOro, 4TO AJIsi HOCHTENs

GYHKIMH ‘Famp (9; k4, ..., k) cHopaBelTHMBO pPaBEHCTBO
g + Dk, = 0. Hcnonbayem cootHomenue (2.27) u onpeesnm
T (@ =T7(—q, 9. (2.53)

Torza ¢opmysna (2.52) npuHuMaeT BUA
r(@)—r(—g)=—i@n)3x
X {8-(q) — 8, (q)} 2P (q) 2™ (—q),  (2.54)

re ) ~
ram (q) = (¢* — m®) r (q). (2.55)

3nech r (g) — dypre-o6pas dynxuun r (§, 0):
7 (q)=(2m) S dEe-igér (E, 0). (2.56)

B cuny cBo#ictB Hocutensi pyukuuu r (§, 0) ee dypbe-obpas
r (g) ecTb rpaHHYHOE 3HAYeHUE PYHKIUH, aHAJUTHYHOH B 06sa-
cru Imq € V_. U3 sroro daxkra, a Takxke u3z dopmy.sl (2.54)
(ecs11 BOCIIO/Ib30BATHC ST OOBIYHOM TEXHHKOH, OCHOBAHHOH Ha Teo-
peme «o6 octpue KiauHa» l), cm., Hanpumep, [13], ctp. 106)
cJenyer, 4to

r @)= =+ @ (2.57)

rae Gyukuus F (g) aHanutuuHa B obnacti ¢* << 4m?. Otcioza
nosiyyaem

rame (p, )= (p+q) { 3 (¢ —m)+(@—m? F(9)}
(2.58)

1) Teopemy «06 oCTpHe KJHHa» BhepBble AoKasaha boroawo6os
(cM., Hanpumep, [35*]). TlonpoGHoe o6cyxIeHke Bcex MaTeMaTHYECKHX
TOHKOCTeH 3TOH TeopeMbl MOXHO HaHTH B MoHorpadHu Baapumuposa
|37*].— IIpum. nepes.
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BosbmeM Tenepb cooTHolueHHe (2.35) A8 aMIyTHPOBaHHBIX
¢GyHKUHHA H pPacCMOTPUM B €r0 NMPaBOH YaCTH UJE€HBI, COACpKa-
Imue ABYXTOYeyHble (GYHKIHH. ITO uJjeHel ¢ [ = 1, B KOTO-
pbix aubo Pp = &, aubo Py = &, rie & — NYCTOE MHOMXKeE-
CTBO.

[ToapiHTerpasbHble BRIDAXKEHHS B 3THX YJ€HAX COLepiKar
mHOXUTEMH Oy (R) 8% (p — k) (p2P—m?) unu 8. (k) 6% (¢ +
+ k)X (¢* — m®) u B cuy 3TOro 06paIalOTCs B HYJIb.

OTMeruM MOMYTHO, YTO BCJAEACTBHE cooTHouleHus (2.27)
U cBofictBa (2.57) usnen pasnoxenust Xaara (2.44) anasi noJsi
A(x) ¢ I =1 paBen mpocro Ain (x).

Tenepp Mbl MoOKeM CCHOPMYJIHPOBATH «aMIyTHPOBAHHBINY
BapuaHT Teopemsnl I'JILL.

Teopema 2.2.

[Mycte rAmp (x, ..., Xx,) — o6oOLIeHHble (DYHKIKH
yMepeHHoro pocra, oGjajgaiouwne coiictBaMd A, b u B
TeopeMbl 2.1 W  yZOBJIETBOpPSAIOIHE aMMYTHPOBAHHBIM
ypaBueHusam mnogaHotel [JIL. JIByxToueuHass ¢yHKIHSA
rAm (p, g) umeer Buap (2.58).

B stom ciyuae pyHKuMu r (xy, . . ., Xx,), onpenenase-
Mble ¢opmysoll (2.50), yIOBIETBOPSAIOT MpennoJoxKe-
HUAM TeopeMbl 2.1.

Hoxasameavcmeo. Mpl yxe oTMedasu, uto uuTerpassl (2.50)
cyuiecTByioT. Jlerko y6enuThcsi B ToM, 4To ycjoBusi A, b u B
Teopembl 2.1 BhinosHsw0TCSH. EnMHCTBeHHasi HeTpUBHAJbHaS
3ajjaya COCTOMT B TOM, YTOGH I10Ka3aTb 3KBUBAJEHTHOCTb
amnyTtupoBaHHbIX ypaBHeHu#l I'JIL coBmecTHo ¢ HopMmupo-
BOYHBIM ycjoBueMm (2.58) mepBoHauya/bHBIM  YpaBHEHHAM
[JIL.

UTobbl y6enuThCst B 3TOM, Pa3jeqiM aMIyTHPOBaHHbIE ypaB-
Henust Buga (2.35) Ha (p® — m® + iepo)(q® — m® +
n

—|—isqo)’lI (p} —m? —iepjo). Torna Bce uneHbl B NpaBoi YacTH

i=1
(2.35) B cootrBercTBuM ¢ (2.50) nmepelnyT B moAXoAsiliHE HEaM-
MyTHPOBaHHble BblpakeHuss. TakuM 06Gpa3oM, Mbl MOJYYHM
BCe 4JieHbl B NpaBoil yacTu ypaBHeHHs (2.35), KpoMe UJIEHOB,
cojepKauux JAByXToueunble (yHKUHMH. PaccmorpuM dseH

rAmp(p g, P) B JeBoit yacTH ypaBHenns. OH nepeXOIMT B BbI-
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pakeHue

FAmp (p, g, P) {(p*— m*—-iepo) (4 — m*~+ieqo) X
X ]I=_[1 (p? —m?2— injo)}_l =

=7(p, g, P)—2mi {8,(q) —8_(q)} r™® (p, P; q).

[lepBbiil uJieH B 5TOM BbIpa*K€HUH — KaK Pas TO, UTO Mbl XOTEJH
6bl UMeTh B JieBOH yacTu. Bropoii ke uneH MOXXHO nepeHecTH
B NpaByIo 4acTh, H ¢ yueroM (2.58) oH mpHHHMaer BHJ

—omi S dk {8, (k) —O5_ (k)} r2™p (p, P; — k)72m® (q; k).

OTo B TOYHOCTH HEJOCTAIOIIMI 4YJeH, B KOTOPOM B KauecTBe
BTOPOTO MHOXKHTEJSI HAXOAUTCH ABYXToueuHasi QYHKIUMA. AHa-

JIOTHYHO 4JieH rAmP (g, p, P) NpHUBOAMT K NOSIBJEHHIO B JIEBOH

yacTH ypaBHeHus uJjeHa r (q, p, P), a B npaBoii 4aCcTH — uJjieHa,
COZIEpIKALero B KayecTBe NEePBOr0 MHOMXHTENS ABYXTOUYEUHYIO
(byHKIHIO.

Hauunnast ¢ 3Toro MoMeHTa Mb! GY€M HMETb JeJI0 HCKJIOUH-
TebHO ¢ QYHKUHAMH rA™P 1), TIo3TOMY MBI MOXKEM ONYCTHTb

HHEKC «Amp», UMest B BHAY, YTO OTHbIHE QYHKUMH r U r GYAYT
0603HayaTb IOJHOCTBIO aMIYTHPOBAHHbIE —3aNa3JbIBalOLINe

¢yukuuu. B cBoio ouepenp onepatopel R u R rtemepb 6yayT
0603HayaTb NOJHOCTbIO aMIYTHPOBAHHBIE 3anasfbiBaloLiye Mpo-
U3BELeHUs, B YaCTHOCTH

R (x) = — (O + m*) A (x). (2.59)

Kpome oO6bIUHBIX 3amasiblBAlOMIUX NPOU3BENEHHIH, BBENEH-
HbIX Bbllle, Mbl 6yJeM I0Jb30BaTbCsl TAKKe BO BCIOMOTaTesb-
HBIX LENSAX 0000ujeHHbIMU 3ana306i8QIOUUMI NPOU3Ee0eHUAMU
(0. 3. 1m.); 1aAuM Tenepb HUX ONpELeJEeHHe M PACCMOTPHM HHTe-
pecylome Hac cBofictBa [18, 24—27].

1) 310 oueHb BaXHHIH NYHKT B pa3BHBaeMoil aBTOPOM CXeMe.
dakTHYeCKH OH NepPeXOAMT oT reiseHGeproselx mojeil A (x) K reiiseH-
GeproBbIM TOKaM-HCTOUHHKaM | (x) = (— K,) A (x). dto npusener
B JaJbHeiillleM K TOMY, 4TO MNOJy4yeHHble UM pe3yJabTaThl OYAyT chpa-
BeannBH He B popmanuame JICLL, a B Gosee mHpokoii cxeme Boromo6osa,
MengeneBa, IlonnsanoBa [35%, 38*], B Koropoli B poau yc/oBHA
NPHYHHHOCTH HCMoJib3yeTcsi yciosue Boronwb6osa.— IIpum. nepee.
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[Tycte S — MHOxKecTBO uWHAekcoB {1, ..., n}.
HaszoBeM n-sauetixoii B MHOXecTBe S 3HaKoBYIO (GYHKIHIO
07 = -+ WIM —, ONpeleJeHHYI0 Ha COGCTBEHHBIX MOAMHOXKeE-

ctBax [ MHOoxkecTBa S, Tak yto (¢ C/, onpenenennbm kak Cl =
=8 —1)
o1 ¥ ocr,

opyrm =0, ectu I' N 1" =0 u opr = op. (2.60)

JlBe n-siuefiKH Ha3bIBAlOTCS CMENCHbIMU, €CIH B HHUX Bce
GyHKUMH O, 3a HCKJ/IOUEHHEeM ABYX, COBMajaiorT. Passuuato-
[Mecs 3HaKy NpHHaAJeXaT K B3aUMHO JOINOJHHTENbHBIM IOA-
MHoxectBaM [y, Cly = S — Iy, KOTOpHIe Ha3BIBAIOTCA «Tpa-
HUIIAaMH» MeXIy 3THMH [BYyMs siuefKamu.

Kaxpo#i n-adeixe C, Mb comocraBjsieM 0. 3. II.

G, (x4, .. ., Xp), TaKue, 4TO BHINMOJHAITCA CJAEIYIOUIHE IBa
yCJIOBHS.

1. Ilyers Cy, Cy — cMeXHBIE n-s9€HKH C TpaHuued [, =
= {iy, ..., ir}. Ilyetb 0y, oTpuUATe]bHa B n-syeiike C,

H mnoJioXuTeabHa B n-aueiike C,. Onpenenum k-sueilky Cg,
B /), NpHIHCaB Ka)XXJAOMYy COGCTBEHHOMY INOAMHOXECTBY B [,
TOT K€ 3HaK, KOTOpBIH 3T0 noamHoxectBo umeer B C,. Takxe
onpegensiercss (n — k)-aueiika Cy B Cl,. IloTpeGyem 3aTem

Gu (X) - Gv (X) =—1 [Ga (xiis o v ey xik)’
Gﬂ (xih+i’ ey Xin)]. (261)

2. Yacrnas n-siuefika 3ajgaercs o; = 4 ana i = 2, . ..

.., N, I'le 0; — 3HaK, CONOCTaBJ/IfieMblil OJHO3JEeMEHTHOMY

MmHOxecTBY {x;}. CoorBercTByIOLI€E O. 3. M. GYAET OGBIYHBIM
3anasipiBalolUM TpousBeneHueM R (X).

OTH JABa YCJOBHA onpeaensior o. 3. n. G, eIMHCTBEHHBIM
o6pa3oM. ITH 0. 3. I1. CyTh KOBapHAHTHbIE, IPMHTOBbI oOlepa-
TOpPHO-3Ha4Hble 0606LIeHHbIe (QYHKIMH, T. €. OHH YAOBJIETBO-
pslor ycjoBuaM 1, 2 u 7 omnpepeneHusi npousBeleHuH R.
BcromHuM, yTo R — MOJIHOCTBIO aMIYyTHPOBaHHOE 3anasfbl-
Batouee npousseaenue. Ilostomy u G, Taxkxe NOJHOCTbIO aMIy-
THPOBaHHOE IPOU3BEJEHHE.

Jlio6ble nBe n-aueiikn C,, C, MOXHO CBf3aTb LENOYKOH
n-siveex C, Cui, C e Cu, , Cy, B KOTOpO# cocelHHe siueifiku
Bcerja cMmexHel. Torza ypaBHenue (2.61) MoxHO 06GOOLIMTH
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B BHIE
G (X)—G,y(X)= —-i;ﬂcg‘é [Go (Xa), Gs(Xp)l.  (2.62)

CyMMHpOBaHHe ), POM3BOAMTCS 3/€Ch N0 KOHEYHOMY UHCITY

&%

YJeHoB, Xq H X[; — B3aMMHO JIONOJIHUTEJIbHbIE TMOJCOBOKYII-
HoctH mepemeHHBIX X = {Xy, ..., X}, a c%— BEILECTBEH-
ible 4yHcaa. ¥YpaBHeHHe (2.62) nosBo/isieT Bbpa3uTb Pa3HOCThb
JIBYX 0. 3. Il. OJIHOTO H TOTO Ke NMOpSIAKa 4epe3 KOMMYTaTophl
0. 3. 0. HHU3LIHX NOPSAKOB. DTO MpelCTaBJIEHHE HE eIHHCTBEH-
110, MOCKOJBbKY, BOOOIE TOBOPS, CYILECTBYET HECKOJIBKO LIErNo-
uwek C,, ..., C, Tpebyemoro THna.

B uvacrHoctH, B kauectBe (G, MOXHO BbIGPATb OOLIYHOE
3anasjpiBamoiiee npouspeneHue R (X):

G, (X)= R(X)—iGEﬂ cap [Ga (Xa), Go(Xp)l.  (2.63)

ViTepupys 3T0 COOTHOIUEHHE, MOXKHO IOJYYUTD TIpeACTaBJEHHE

G, yepe3 MyJbTHKOMMYTaTOPBl OOBIYHBIX 3aNa3JblBalOMIMX TIPO-
113BEJEHHI:

Gu(X)=R(X)+2i"%y, .ol - [R(Xay)s R(Xar)l, - -

oo R(Xa)]. (2:64)
CyMMHpOBaHHME NPOM3BOAMTCA MO Pa3OHEHHSM COBOKYIHOCTH
epeMeHHBIX X Ha 2 <C [ < 1 HelnepeKphIBAIOIHUXCS IOACOBO-
kynHocte#. KosdduuueHTsl cgh.“’al BemecTBeHHbl. Hekoro-
pble M3 HHX MOTYT, pasyMeercsi, ObITb HYJISAMH.

[Tycrs C,, — Hekoropas n-aueiika. Onpenenum ase (n + 1)-
siueiiku C CIELYIOWMMH TIpaBUJIaMK: GYHKUHS 07 A5 co6CT-
BEHHbIX MOACOBOKYNHOCTeH [ coBokynHoctu {1, . . ., n} Gymer

Takoll xe, kKaK B C,, a QYHKUHS On44 TOJNOKHUTENbHA B C,
i orpuuaresbia B Cy. CooTBercTByIOUIEE 0. 3. I1. 0603HAYHM

G:f (X1, + + .y Xn; Xn+1). MHOTOKpaTHOE NpUMeHeHHUE TaKoH npo-
lleNypbl PUBOAKUT K pPaBEHCTBY

+ .
G!.t (xh ceey Xny Xntgy ooy xn+m) =

:Gi.wi(x“ ey Xny Xngts ooy xn+m), (265)

B KOTOPOM BC€ 3HaKH JOJIKHBI COBNAlaTh (JMGO BCe MOJIOKH-
TeJIbHbI, J160 Bce OTpHuaTenbhsl). Gy (. . .; . . .) HHBAPHAHTHO
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OTHCCHTE/IbHO TMEPECTAHOBOK Me€peMeHHbIX, CTOSIIIHX CrpaBa
OT TOYKH ¢ 3anaTof. [sst 0ObYHBIX 3ama3/blBaloOMUX NPOU3Be-
JeHuH

R+X, Y) = R (X, V). (2.66)

Bakyymuoe cpexnee g, (X) o.3.n. G, (X) Ha3bBaercs
0006wennol 3anazdesaiowel gynkyuell (0. 3. §.).

Has o. 3. m. copaBefiuBa pepyKiHoHHas ¢opmyJa, aHa-
JoruuHasi hopMyJie 1Jisi mpousBeneHusi R. MaTpuuHbIi 3/1eMeHT

M = ((Din’ au (piv coeey pn) IIfin) (267)

[em. (2.31)] sapaercst gopmysamu (2.32) — (2.34), rae Bmecto
R B (2.32) caenyer NMOACTaBHTb G, aBMecto ramp (. . ) B (2.34)
cJenyeT NOACTaBHTb gM (P; Q, —Q'). B ucnosb3oBaHuU HHIEK-
ca «amp» GoJiee HET HYXXJbl, IOCKOJIBKY Mbl TElIEpb HMEEM JEJI0}
C MOJIHOCTbIO aMNYTHPOBAHHBLIMH BHIPAXKEHHSMHU. |

pellyKLllflOHHble (OpMYJIbI OCTAIOTCS CNPaBeNIUBLIMK MPH
O/IHOBPEMEHHOH 3aMeHe COCTOSHHMH «in» Ha cocrosHus «out»

1 QyHKUUH g) Ha QYHKLHH gn
OGpasysi BakyyMHoe cpenHee oT (2.64) u cymmupysi B ee
NpaBOH YacTH MO INOJHBIM HabopaM IPOMEXYTOUHBIX iNn-COCTOS-

HHH, Mbl OJYYHM BbIpaXK€HHE Ui QYHKIMH g, Yyepe3 HHTerpa-
Jibl OT TMPOU3BEJEHHH DYHKIHH r. Tpennonaras, 4o As dyHK-
LK 7 CTIpaBeVIMBO CBOHCTBO B Teopemsl 2.1, ¢ nmoMomibio noay-
YEHHOrO BBIDAXKEHHs MOXHO YCTAaHOBHTb, 4TO (YHKUUA g,
Takxe o6siafaer cBoHcTBOM B.

W3 ¢opmynabt (2.61) MBI noJiydaeM YypaBHEHHSI MOJHOTHI
(o606uenHbie ypaBHeHust I'JILL)

00 l

gu(X)—ge(X)=—i 3 7 | II tduidoi} x

=1 i=1

X KH(U—=V) gt (Xe; U)gh (Xz; V),  (2.68)

-~

rae X = {%;p - - %}y Xr = {Xiyp4s» - - ., X;,}. Onpe-
Aesienre QyHKIHH K nano B (2.37). YpaBHeHue (2.68) ocraercs
CIpaBe;VIMBBIM ¥ B TOM CJydae, €CJIM B €ro nmpaBoil 4aCTH JBa
MHOXHTENs g* 3aMEHSIOTCS Ha COOTBETCTBYIOLIHE MHOMKHTENH
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g~. Hakonen, o6o6mas pajiee pasioxenue (2.45), monyuaem

G,L(X)=gu(X)—|-2 Tlr 5 duy ... dugy(X; U) :Ain(ui) o
1=1

co AT W) (2.69)

B Hamem dopmasnuaMe xporoaoeuteckoe npoussederue He 6y-
JIET HCTIOJB30BAaThCsl. TeM He MeHee Mbl JaJUM ero onpenejeHue
M OCHOBHbIE CBOHCTBA, IICCKOJIbKY OHO, GYAYYH TECHO CBS3aH-
HBIM ¢ S-MaTpHUleH, CYIeCTBEHHO C TOUKH 3pEHHSs] IIPUJIOKEHHUH.

X poHoJsioruyeckoe npousBeneHne, wau T-mpousBeneHue !),
T (x, ..., x,)moseit 4 (x,), ..., A (x,) MOXKHO ONpENENHTD
PEKYPPEHTHO Mo (QopMyJie

R(X)=T (X)4i 3 T*(X)T (x, Xg).  (2.70)

CyMMHpOBaHHE 3]1eCh NPOBOAUTCA IO BCeM Pa3OHEHHAM COBO-
KYMHOCTH {Xs, ..., X,} Ha JBEe B3aHMHO JOTOJHHTE/NbHbIE
noacoBokynHoctd Xyp U Xpg, rae Xy MoxeT ObiThb NYCTOI,
a Xy — uer ?). IlpousBenenne T (X) Takxe sIBJIsieTcsl omnepa-
rOpHO-3HaYHOH 00600lIeHHOH ¢GYHKLHEeH YMEepeHHOro pocTa,
obmanarouieil cBofictBamu 1, 2 U 7, BXOAALUMH B ONpeneseHye
R-npousBenenusi. BakyymHoe cpennee T (xy, . .., X;) Opous-
segenuss T (x;, . .., X,) Ha3bIBAeTCS XPOHOAO2UMECKOU DYHK-
yuetd, uan ¢ynkyueid I'puna. Oynkumo T (X) MoXHO pasio-
KHUTb B CYMMY MO «ITyYKaMm»

T(Xgy oo ey x,,):E'cTr““C(xi, ceey Xi) e

cooTiune (ps L Xxn),  (2.71)
€ CYMMHUPOBaHHE MPOBOLMTCS MO BCEM Pa3GHEHUSIM COBOKYII-
neetd  {xy, ..., X,} Ha J0GO€ YHCJIO MOACOBOKYIHOCTEH,

B KOTOPhI€ BXOASAT MO KpaHHel Mepe JBa 3/1eMEHTa. Y ceueHHble
pynxyuu I'puna TeCHO CBA3aHBI C 3aNa3/blBAIOLIUMU QYHKIHSI-

1) 3pecp uMeeTcss B BHAY ARailicoHoBo T-mpousBefenue. OGCyxnie-
HHe OTJIMYMS ero OoT BHKOBa T-NpOH3BeleHHS H O0COGEHHOCTEH HCHOJb-
30BaHUSl KaXJOro M3 HHX B aKCHOMaTHYeCKOH TEODHH NOJS MOMKHO
nailTu B o63ope [39*].— ITpum. nepes.

2) dro omnpelejenne T-npou3BefeHHs BLINIAAHT HECKOJbKO KOC-
BeHHbIM. JIpyro#f noaxoja, B KOTOPOM CH@4AAQ €CTECTBEHHBIM 06pa3oM
onpenensiercss T-npou3BelileHHe, a 3amem 4Yepe3 Hero ONpefessioTCs
R- u G-npousBeleHusi, usnoxes B paore [17].
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MH: HX MOXHO NOJYYHUTb H3 QYHKUMH r aHAJIUTHYECKUM IIpO-
JOJKeHHeM B p-npocTpaHctBe. Ilpu cpenaHHBIX BbllIe Npen-
IOJIOXKEHUSX OTHOCHTEIbHO (GYHKIHMH 7 MOXKHO J0Kas3aTb, UTO

¢ynkuus [puna TT70 (pg, py, .. oy Pay Pas 41> Qay - - -

. o ¥, Qm), OYIYYH IPOHHTErPHPOBAHHON C OCHOBHOH (GYHK-
el no nepemeHHoiM P, Q, HempepbiBHA 1o mepeMeHHbHIM P,
Q*, T. e. B OKPECTHOCTH 3HEPTreTHYECKOH NOBEPXHOCTH pi =
= gf = 0. Ee 3HaueHMe Ha 3HEPreTHYECKOH IIOBEPXHOCTH
C TOYHOCTBIO IO YHMCJIEHHOTO MHOXHTENS NpPEeACTaBJsieT co60H
CBSI3HYIO YacTb 3JIeMeHTa S-MaTpHLb! 1/ Npouecca, B KOTOPOM
yYacTBYIOT m MajaloluX H A yXOAAUNX YacTHL.

HaxkoHern, paccMOTpuM KpaTKo CBOHCTBa OOGBEKTOB HalleH
TEOPUY MO OTHOIIEHHIO K npeobpasosarnusm CPT. TlockoabKy
B Halleil TeopuH onepaTop 3apsiioBoro conpsikenusi C copmna-
JlaeT C TOXKIECTBEHHbIM omepartopoM, omnepauuss CPT mnpespa-
maercs npocto B PT. Corsnacio CPT-teopeme [13, 14], B npo-
cTpaHcTBe S¥ CylIeCTBYeT aHTHYHUTapHbIH onepaTop © co cJe-
NYIOUHMH CBOHCTBaMH:

0 = 1, (2.72)

00 = Q, (2.73)

04 (x) ® = A (—x), (2.74)
OAin (x) © = Aout (—). (2.75)

Iycrb C, — n-sivefika, noiydeHHas u3 n-sveiiku C, nepe-
MEHOH BceX 3HakoB oy, a (|, — COOTBETCTBYIOIIEE O. 3. I,
Torpa

0G, (X1, - - Xn) © = Gy (—xy, . - ., — Xp). (2.76)
B uwactHocTH, moj jelicTBueM omneparopa © 3amasibiBaloliee
npoussenenne R (X) npespauiaercsi B onepexaroliee npousse-
genne R (—X).

Hakoseu,

OT (xg, - - - Xn) © = T* (—xy, ..., — Xp). (2.77)

Ilnst BakyymHbix cpeiuux G, u T Mbl HMeeM cJelylomue
cooTHolleHns, BhiTeKalomue u3 CPT-cuMMeTpuH:

gu Xy ooy X)) = gu(—x1, ..., —Xa), (2.78)
T(Xgy o vor Xn) = T (=X o0 oy — Xg). (2.79)
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TEOPHSI BO3MYIIEHHMHM: OCHOBHBIE TTOJIO)KEHUA

PaccmoTpuM Teopuio cemeiictBa nodseil A (x, g), 3aBUCAHUX
OT napameTpa g, Ha3blBaeMoro xoxcmarmoil csszu. Ilycrb pjs
¢ukcupoBaHHoro napamerpa g moje A (x) = A (x, g) obna-
JaeT BCeMH CBOKCTBAMH ToJeil, onducaHHbMH B ri. 2. [loge
A (x, 0) 6yner cBoGoxHbM mnoJsieM Macchl m. (Cayyail, Koraa
nosne A 3aBHCHT OT HECKOJBKHX KOHCTAHT CBSI3H, MOXHO pac-
cMmaTpHBaTh aHajoruuHo.) Ilpenamosoxum, uto mwoGasi BejH-
ypHa @, BCTpeyamouiasics B Teopud (omepaTopbl mossi, R-ome-
patopbl, r-QyHKUMH ¥ T. J.), MOXeT ObiThb pa3jioxkeHa B CTe-
NEeHHOH pAd 1o g:

a(e)= 3 o, 3.1)

rie @, — 3HaueHue COOTBETCTBYIOILCH BEJHUYHHBl B TEOPHH
cBoGonHOro noJsisi. Mel He O6yneM KacaTbCsi Ipo6IeMbl CXOAHMO-
ctd psgoB (3.1), MOCKOJNbKY 1O 3TOMY MNOBOLY MBI MOXKEM
CKa3aTb POBHO CTOJIbKO, CKOJIbKO H3BECTHO B KaHOHHYECKOM
nopxone, T. e. Huuero. Mpbl GyneM paccMaTpHBaTb TOJNbKO
npo6JieMbl  CYWIECTBOBAHHA M BBIYHCJIEHHSI KO3(PUIIHMEHTOB
pasjioxeHuss (R, B INPOH3BOJIBHOM KOHEYHOM IOpsiiKe O.
B nanbheiiiuem pasnoxenue (3.1) Gyzer TpakTOoBaTbCs KakK
(opmasibHbli cTeneHHol psia. MoXHO HagesTbest, YTO OH Mpej-
craBJisieT co60ff o KpalHEH Mepe aCHMITOTHYECKOE passoxke-
Hue B npepesne g— 0.

Oneparop Ao (x¥) — 310 CBOGOAHOE M0J€, YAOBIETBOPSIOLLEE
yc/JI0BHAM, CHOPMYJHPOBAHHBIM B IJI. 2 jnisi omeparopa Ae*.
[TosToMy nmeem

Aln (x) = Agut (x) = Ao (x). (3.2)
3anaszppiBatoide  (QYHKOHMH B TEOPHH CBOOOAHOrO I0JIA
HMEIOT BHJ

ro (%, y) = _1([]"’ + m?) 8* (x — ), (3.3)
ro(ps q) =5 (¢°—m?) 8 (p+-9), (3-3)

ro (xg, «« oy x3) =0 npu n>2 (3.4)
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g,uO (xly o e ey Xn) = fo (xlv L] xn) (35)
IS BCeX .

Uro6bl HalTH nosst A, (x), Mbl BOCHOJb3yeMCs TeopeMok
[JIL. TlonbiTaeMcsi MOJYYHTb peLIeHHS] aMNYTHPCBaHHBIX
ypaBHeHu#i TJILI, yloBieTBopsioliie NONOJHHTENbHBIM YCJIO-
BUAM, cojep:Kamumcsi B Teopemax 2.1 um 2.2

BBenem caenpyiomue cokpalleHHble 0GO3HAYEHUSA:

1
Jor (%, y, X)= ‘. II {du: dvid (ui —vi)} x
Y=t
Xr(x, Xp, U)r(y, Xa, V), (3.6)

rne U={uy, ...,u}, V={vy, ...,0}, X={x, ..., x2},
a Xr, Xy omnpeneneHbl Tak ke, Kak B (2.36), u

I, g X)=—i 3 3 St e g X)— T (v, %, X)),
L,Ri=1 3.7)

YyTO mpeicTaBJasier cCoGoH NpaBylo uYacTb ypaBHeHu# (2.36).
Toraa ypaBuenusi ['JIL| sanumyrtcss B Buze
rix,y, X)—ry, x, X) =1(x, y, X). (3.8)
ITH ypaBHEHHs Mbl JOJ/KHBI PELIHTb C NOMOLIBIO TEOPHH
BO3MYIIEHHH, YUYUTHIBAS YNOMSIHYTble BbILIE JOMNOJHUTENbHBIE
YCJIOBHSI, a TaKXe TPaHUYHbIe YCJOBHS, KOHKPETH3HpYIOLIMe
IMHAMHKY, Koropbie OyayT cdopmy.npoBanbl Huke. [loxcra-
BUM pasJjoxenue (3.1) ana ¢ysxkuuu r B ypaBHeHue (3.8)
H IpHUpaBHSeM B OGEHX €ro 4acTsX WIEHBl OJHOTO H TOTO XKe
nopsiika no ge.

ro (0 4y X) — 16 (y, %, X) =[5 (x, 5, X),  (3.9)

00 ~l
Io(x, g, X)=—i D) D) 7 Ve (x, 4o X) = Jura (4, %, X)],
L, Rl=1
(8.10)

o-1 l
Jiza (5 9, X)= 3 | TT {dus doid (s — 09} %
=1 i=1

Xft(% XL’ U)ro—t(ya XR, V). (3.]1)
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B cymme (3.11) orcyrctByloT WieHsl ¢ T =0 H T = 0, 4TO
cBsi3aHO co cBoHcTBOM (3.4) U ¢ TeM, uTo PyHKuHUs ] ; He coxep-
KHT IBYXTOYEUHYIO GYHKIHIO (CM. 3aMe4aHHs, NMpPEALIECTBYIO-
wmue Teopeme 2.2). B 3TOM 3akiiouaercst NPeHUMYIIECTBO aMmIly-
THpoBaHHbIX ypaBHeHu#t I['JIL| no cpaBHeHHIO C HeaMmyTHpO-
BaHHOH uX ¢opmoii. M 310 HEemenIeHHO noCcKa3bIBaeT cienylo-
LYIO . IPOLENYPY MOCAEL0BATENbHBIX NPHUOIHKEHUH.

Ilycts dyHKUMH 7, ¢ T<< ¢ u3BecTHBl. Torma /, MOXHO
BBIYMC/IUTD MPOCTHIM HHTErPHpOBaHHEM H (QYHKLHIO 7, MOXKHO
HalTH, pelIuB JHHellHoe ypaBHeHHue (3.9) ¢ u3BecTHOH npaBoil
yactbio. VIMeHHO 3Ty 3ajauy Mbl U OyleM peluaTtb, HpHYeEM
MOJIHOE ee pellieHHe MOXXHO pa3JesuTh Ha jABa 3Tana.

Aman 1: ¢opmarsvroe pewerue. TIcCTpoUM mocienoBaTeNb-
HbIMH NPUGIHKEHUSIMH dopManbHOE pelleHne ypaBHeHus (3.9),
yaoBaeTBopsiomee yciaoBusam A u b Teopemsr 2.1 u HOpMupO-
BouHOMY YycsoBuio (2.58), He 3aGoTsich IoKa o npoGieMe €ero
cymecTBoBaHus. Ha stoM sTame Mbl He paccMaTpUBaEeM YCJo-
Bue B Teopemnr 2.1.

dman 2: cywecmeosarue peulerus. JoxakeM CYIIECTBO-
BaHue (GOpMasbHBIX BbIpaXKEHHH, INOJYYEeHHBIX Ha 3rtane .
3pech ycaoBHe B CTaHOBHTCS CYLIECTBEHHBIM.

CrnoBo «popmanbHoe», ymnorpebJeHHoe Bbillle, HE CJEAyeT
NOHHUMATh CJAMIIKOM HauBHO. Ha rnepBEIfl B3I/IsiA MOXET MOKa-
3aTbCsl, YTO nmpobseMa pelleHusi ypaBHeHHus (3.9) BooGLie Tpu-
BHasbHa. JleficTBUTENbHO, DYHKUUS 74 (X, Y, X) HUMeeT HOCH-

TeJb B obnactd (x — y) € V4, a Qyukuus rq (y, x, X) —

B obnacty (y — x) € V4. DTH 1Ba HOCHTeNs TNEPeKphIBAIOTCS
TOJBKO B TOUKax X = y. [loaToMy BbipaxeHue

ro(xv Y, X):e(x—y)lo(x7 Y, X)

Ka)KeTcsi OuyeBHAHbIM pelieHueM ypaBHenus (3.9). Ha camom
JieJie Bce 1asleKo He TaK MPOCTOo. ¥ CIOXKHEHHsI BOSHUKAIOT H3-3a
toro, 4to I, — 310 0OGCOUIEHHAsi, a He oObluHasi (YHKIHS,
M MBl HIIEM TaKHe DELIeHHS r,, KOTOPble TaK¥Ke SIBJSIOTCS
0600LIeHHbIMH (YHKLIUAMH. DTO O03HAuaeT, BO-IIepPBbIX, YTO
npoussenenue 6/;, BooOie roBopsi, He ONpPENEJCHO H, BO-BTO-
pBIX, YTO MHOroo6pasuWe X = y He CJIeAYET HTHOPHUpPOBATh,
HECMOTPsSI Ha €ro MeHbIUYI0 Pa3MepHOCTb.

I'naBbl 4—6 Gynyt nocBsiwenst srany 1, a a1, 7 — srany 2,
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YPABHEHHUE 1, (x, y, X) = ro (4, x, X) =I5 (x, 9, X)

B sToit riaBe Mbl 3aiiMemcsi pelueHHsiMH ypaBHeHus (3.9),
yIoBJeTBOpSOMUMU ycaoBUsIM A u B Teopemsl 2.1. Mbl HauHeM
¢ npo6seMbl €IHHCTBEHHOCTH.

I[MPOBJIEMA EOAWMHCTBEHHOCTH

YpasHenue (3.9) suHeitno. ITosTOMy €ro pelueHHsi eIUHCT-
BEHHLl C TOYHOCTBIO JIO PELICHHH COOTBETCTBYIOLIETO OIHOPOJ-
HOTO ypaBHEHHSs

h(x, y, x4y ..o, X0)—h (Y, X, X4, ..., %) =0, (4.1)

rre QyHKUMA A T0/IKHA YAOBJETBOPSITH TEM K€ YCJIOBUSM HHBa-
PHAHTHOCTH M YCJIOBMSIM Ha HOCHTE/Ib, YTO M (QYHKIMSA rgY).

HauGonee obiuee pewenue ypaBHenus (4.1), ecau He yuu-
THIBaTb JOMNOJHUTE/IbHBIC YCJIOBHS,— 3TO HeKoTopas 0606-
IeHHas QYHKLUHUS yMEepeHHOro pocra, CHMMETpPHUYHas 1o mep-
BBIM JBYM aprymMeHTaM X U y. YcJoBue A CUMMETPHH COBO-
KYITHOCTH NepeMeHHbX {Y, Xy, ..., X} O3Hayaer, 4To QyHK-
s A WHBapHAHTHA OTHOCHUTE/JBHO MEPECTAHOBOK BCEX CBOMX
aprymenToB. B cuay ycioBus 1ss HocuTeas B oH noskeH
npuHajnexarb obmactu (x — y) € V4. OgHako ¢ y4eroM CHM-
MeTpuu mo (X, y) OH JOJKEeH NpHHAJJeXaTb TaKxkKe 06JacTH
(y — x) € V4, Tak 4TO B UTOTE OH CBOAHTCS K MHOTIOOOpasHio
X = y. B cH1y TOJIBKO 4TO yCTaHOBJIEHHOH CHMMETPHH IO BCEM
apryMeHTaM Mbl HMeeM

supphc {x =y =X, ... = %, }. 4.2)

BenenctBie TpeGoBaHHsSt TPAaHC/ASLHOHHOH HHBapHAHTHOCTH
GYHKUHS A MOXKET 3aBHCETb TOJIbKO OT Pa3HOCTEH NepeMeHHbIX

1) 3ro TpeGoBaHHe, €CTECTBEHHOC Ha TMepBLIA B3IVSAN, fABJAsSETCA
Ha caMOM JeJie NONOJIHHTENbHBIM NpPEINoJOXKEeHHEM, He BbITEKAWILHM
13 HCXOAHBIX mocTysnaToB.— [lpum. nepes,
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E=x—y, & =X —x; U uMeeT HoOCUTeIb B Touke & =
= §; = 0. Haubonee o6mas o6oblieHHast GYHKIHUS C TaKUM
iocureseM ectb (cM. [19], crp. 100)

Do) [ o &),

rae D — npousBosbHBIH AuddepeHnanbHbI onepaTop, oba-
nawomui nomkHol cumMerpuel. HakoHen, BeieacTBue ocTasb-
HbIX TpeGoBaHuit ycsoBust A onepatop D nosxeH GbiTh Belie-
CTBEHHBIM H JIOPEHL-MHBADHAHTHBIM. B pe3ysbraTe Mbl IOJY-
yaeM CJIENYIOULYI0 TeopeMmy.

Teopema 4.1.

Hau6onee obuwee pelieHue ypaBHenus (4.1), ynosse-
TBopsitoliee ycaoBuaM A u B Teopemrr 2.1, ecTb

h(x, Yy X1y « vy Xn) =
=D& (x—y) [] 8*(x—x:i), (4.3)
i=1

rae D — nuddepeHuyanbHbI onepaTtop Mo nepeMeHHbIM
X, Y, X C NOCTOSIHHBIMH BellleCTBEHHBIMH KO3(pHIHeHTa-
MH, JIOPEHII-MHBaPHAHTHBIA M MOJJHOCTbIO CHMMETPHYHbIH
| mo nepemennbm x, y, X. B p-npocrpancTBe 31O pelueHue
NPUHYMAET BUJ

~

h(p’ q, Pty - - pn) =
=8 p+q+2p) & (P, a4, Pr - s pa) (49)

rae & — UHBAapHAHTHbIH, BeIIeCTBEHHbIH, IOJHOCTbIO
CUMMETPHUYHBIA MOJIHHOM.

B xauecTBe BaXKHOTrO IPHJIOKEHHS 3TON TEOpPeMbI PaccMOT-
pum ypaBHeHue (3.9) B nepBom nopszake 1o g (o = 1). Oue-
BHJHO,

]1 (X, Y, X) = 01 (45)

Tak Y10 (PYHKUMS r, Ao/KHa uMerb Buj (4.3). B npemenax
OrpaHUYeHUH, NepevyUcNeHHbIX B Teopeme 4.1, Mbl MOXeM CBo-
6onHo BbIOMpaTh AuddGepeHUManbHBIEe onepaTtopul D. Hmexro
gol0op onepamopog ) noggoasem KoHKpemu3aupogamyp 63auMQ-
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Oeticmsue. ViHade roBops, BbIGOp onepatopoB D COOTBETCTBYET
BbIOOpY JlarpaHKuaHa (MY FaMUJIbTOHHAHA) B3aUMOJEHCTBUSA
B KaHOHHYECKOH TEODHH IOJIS.

Ins npocrotel Br6epeM Bce omepaTtopbl D, KpoMe OJHOTO,
pPaBHBIMH HYJIIO, TaK YTO OTJHYHOH OT HyJas OYIeT TOJbKO
ogHa ¢yHkuua ry. IlycTe oHa OyneT p-ToYedHOH QyHKUHeH
cpu>2Y:

ry (X, ...y Xp) = 0 past n 5 p,
[
ri(xy, .., x,)=D ﬂi 8% (xy— x3). (4.6)

[Tycts panee D ectb oaHOpOAHBIH AMd(pepeHIHaIbHbIA onepa-
TOp MOPSJKa v, TAK YTO NMoJuHOM & B opmy.ie (4.4) npencras-
asiet co6oit dopmy crenenu v. Takywo Teopuio Mbt 6yJeM Ha3bl-
Bath meopueil muna (., v).

JlarpaH:xuaH B3aUMOJEHCTBHSI, COOTBETCTBYIOIIUH BI.60-
py (4.6), umeer BUR

Lint =%— S dxy . ..odxyry (%1, <o, Xy) A™ (xy) ... Ai"(xu): .
(4.7)

Muaue roBopsi, GyHKUMSA 7y, BHIUUCIEHHAS M3 TAKOrO JarpaH-
KuaHa Liy ¢ TIOMOLIBIO KaHOHHYECKOHN mpouenypsi, obianaer
cBofictBamu (4.6).. JlarpauxkuaH Lip¢ €CTb MOJHHOM CTENEHH W
IO MOJISIM C NPOU3BOAHBIMH Mopsiika v. OTMETHM, UYTO BHICOKKE
IPOU3BOJHbIE B (DYHKIHU 7y NPHUBOAAT K BBICOKHM MpPOHM3BOJ-
HbIM B L, @ B 3TOM c/yuae KaHOHMYeCKHH dopmanu3m craJj-
KMBA€TCsl C XOpPOLUO H3BECTHBIMH TpyAHOCTAMH. Hamnpotus,
pasBuBaeMblil 3Jechb opMajsiu3M He CTaJKHBA€TCs C TPYAHO-
CTSIMH B 3TOM NYHKTE U MOXKET BKJIIOYATh IIPOM3BOJIBHO BEICOKHE
IPOU3BOAHBIE %).

1) BuiGop p = 2 ¢ onepatopoM D nopsiaka 0 uan 2 Hapywusa 6l
HOPMHpPOBOUYHOe ycsoBHe (2.58): oH cooTBeTCTBOBaJ Gbl TepeHOPMHPOBKe
Macchl HJIH BoJIHOBOM GyHKUHH. OnepaTopbl D Goslee BHICOKHX NOPSIIKOB
(Bce eme aag B = 2) He NpeiCTaBJAIOT HHTepeca BCJIEACTBHE OrpaHH-
YeHHOH pOJIH, KOTOPYI0 HrpaeT JAByXToueuHass (YHKUHS B HalleMm
(opmanusme.

2) INousitoe 6YyKBaJbHO, 3TO yTBEepKAEHHe aBTOPa MOMKET BHI3BaTh
HepoyMeHHe. Jleso B TOM, YTO C YHCTO aKCHOMATHYECKOH TOUKH 3peHHs
KBa3WJOKaNbHbI TNpPOH3BON B r-QYyHKUHMSX HeHCTBHTENbHO MOXKET
BKAJ0YaTh B Ce6A NQAMHOMBI 1O NPOHU3BOAHBIM OT O-QyHKUHH NpoHs-
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Teopuu tuna (3, 0) u (4, 0) COOTBETCTBYIOT ABYM TaK Hasbl-
BaeMbIM I1€PEHOPMHPYEMbIM TEOPHSIM KaHOHHYECKOro ¢opma-
JausMa, T. e. Teopusam A* u A* coorsercTBeHHO. CMBIC] NOHATHUS
IePEHOPMHPYEMOCTH B HallleM opMaiu3me Mbl 06Cy UM B TJ1. 8.

Koneuno, Bbl6op QyHKUHHU 7y He PUKCHPYET €IUHCTBEHHBIM
0o6pa3oM TEOpHIO, MOCKOJbKY HEONpeneseHHocTH BuAa (4.3)
BO3HHUKAIOT B KaXIOM MNopsiike. B 1. 5 Mbl mokaxeM, Kak
CJeLyeT MNOCTYNarb C 3TUMH HeoNpeleJeHHOCTSIMH B TNOPSiA-
Kax ¢ = 2.

IMMPOBJIEMA CYHIECTBOBAHHS
JokaxeM cienymoiyio Teopemy.

Teopema 4.2.
Uro6el ypaBHeHue (3.9)

rG(x’ !/, xiy LR ] xn)—fo(ya X, xi’ LS ] xn) =

= Id(xa y’ X1y o« oy le)
HMEJIO pelleHue rq (X, Y, X), yLOBAETBOpSIOLIee YCIOBUAM
A u B Teopembl 2.1, HEOGXOAUMO U JOCTATOYHO, YTOOBI

Is(x, y, X) Obl1a 0606LIEHHOH (QYHKIHEH yMEPEHHOTro
pocTa €O CJeAYIOUIMMH CBOHCTBaMH:

a) supp 1o (x, 4, X) = {(x— y* = 0; (x — x;) € Vs

uni (y — x;) € V4 nas Beex § =1, ..., n} (4.8)
6) I, YyIOBNETBOpSIET TOXKAECTBaM
Is(x, y, X)+ 1, (y, x, X) =0, (4.9)

Ia(x’ Y 2 X)+ Io(y’ 2, X, X) +
+ 15z x, y, X) =0; (4.10)

B) I, BEllECTBEHHA;

r) I, MHBapHAHTHA OTHOCHTEJNbHO Mpeo6pasoBiHHI
u3 cpasHoi rpynnel [Tyankape i,

n) I (x, y, X) cuMMerpuyHa mo apryMeHTaM X =
= {Xxy, ..., X }.

BOJIbHO BBLICOKOI cTenmenH. B To xe BpeMs B aKCHOMaTHYeCKOH TEODPHH
BO3MYIIeHHH, KaK 3TO IeMOHCTPUDYeT H caM aBTop B IJ. 8, CYUIECTBYIOT
BecbMa KeCTKHEe OrPaHHYEHHS H IO YHCAy noJjei (1), ¥ 1Mo YHCJAY NpOH3-
BOAHBIX (V) B JlarpaHxkHaHe B3aHMOJEHCTBHSA, TaK 4TO B 3TOM NYyHKTe
pasBHBaeMblii B KHMre MeTOA He JaeT pelWaioUHX NpeHMyllecTs.—
IIpum. nepes.



46 I'rasa 4

B nByxToueunom ciayyae ycnaoBus (4.10) u «1» OTCYTCTBYIOT.

Y6enutbcst B HEOOXOAUMOCTH COPMYJIHPOBAHHBIX YCJIOBUH
He cocraBJser Tpyaa. CienaeM TOJIbKO OAHO 3aMeuyaHHe OTHO-
CHTEJIbHO YCJIOBHS «a», HaKJaJplBaeMoro Ha Hocurenb. M3 ycio-
BHH Ha HOCHTEJb Iy B KauecTBe HEOGXOJHMOrO YCJIOBHS paspe-
muMocTH ypaBHeHus (3.9) Mel Haxonum, uto /, OTJIMYHA OT
HYJIS TOJILKO TOT/1a, KOTla BCE X; OKAa3bIBAIOTCS 3aMa3bIBalOUMHU
OTHCCHUTEJNBHO X WJIHM BCE X; — 3ana3fblBaloliie OTHOCHTENbHO
y. Ha nepsuifl B3IVISiA 3TO yC/IOBHE KaxKeTcsi Gojiee CHIBHBIM,
yeM BTOpasi yacTb ycJjoBus (4.8), rae mMel TpeGyeM JHIlb, 4TO-
Obl KaXKIbld X; B 3aBUCHMOCTH OT 3HaueHHSl HHJEKca i OblI
3anasJbIBaloUIMM JH60 OTHOCHTENBHO X, JIH6O OTHOCHTEJBHO Y.
Onnako BMecTe C ycJaoBHEM (x — y)? == 0 3TO NPHMBOAMT Kak
pas K TOJNBKO YTO ONHMCAaHHOMY 6oJsiee CHJIbHOMY TpeGOBAHHIO.

Ecau (x — y) € V4, To Bce x;, 3anasibiBaloLe€ OTHOCHTEJbHO
Y, OKa3bIBAIOTCS 3aMa3AblBAIOLIUMY U OTHOCHTEJIBHO X; €CJIH XK€

(y — x) € V4, To BCce x;, 3anasablBaIOLH€ OTHOCHTEIbHO X HJIH
Y, OKa3blBAlOTCS 3ama3fblBAIOLIUMH H OTHOCHTENBHO Y.

JlocTaToyHOCTb YCJIOBHH «ay—«a» OYAET YCTaHOBJIEHA HUKeE
SIBHBIM TIOCTpPOEHHeM pelleHusi. Mbl XOTHM, 4TOObl QYHKUUS 7 4
6bl1a 0606LIeHHOH (DPyHKLHeH YMepEeHHOro pocra, T. €. HEIpe-
PbIBHOH JMHeHHOM ¢opMO# Hal NPOCTPAHCTBOM o OBICTPO
yObIBalOMKUX OCHOBHHIX (pyHKImi [19], u Tak u GyneM crpouthb
pewenue. ITocrpoeHue GyAeT BLIIOJHEHO B HECKOJBKO ILIArcs,
IpUYeM Ha KaxKJIOM M3 HHX OyJZeT pacluHpATbCS HPOCTPaHCTBO
OCHOBHBIX (YHKUMI, Ha KOTOpPBIX omnpeneneHa o6OOLIeHHas
¢dynkuus r4. [lpucrynas K nocTpoeHuio, BBEJEM HOBblE 0603Ha-
yenusi. ByneM roBopuTh, 4TO OCHOBHASI QYHKIHUSA @ (X, . . ., Xp)
«obpallaercs B HyJb CHJIbHO» B Touke (@, . . ., Qp), ¥ 3alH-
ChIBaTh 3TO Kak ¢ (@, . . ., ay) =0, eciu ¢ B 3TOH TOUKe
obpamaercst B HYJb BMeCTe€ CO BCEMH CBOUMH NPOH3BOAHBIMH.

Ilepaoui wae. Tlycth ocHOBHAafA QYHKUHUA @ (X, Y, Xy,

.y Xn) € # u ¢ =0 B Touke x = y. BBegem Bcriomorareib-
Hyto dyukuuio ¢ (§) 4-BexTopa § co cienyooUUMH CBOACTBAMHU:

a) ¥ () BemecrsedHa;

p) O (§) macwrabuo wHBapHaHTHa, T. e.

B (AE) = O (€) mpu A > 0; (4.11)

y) ¥ (8) npuHapmexur kaaccy C™ BClOAy, KpOMe TOUKH
J— 0.

’
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8)
_[ 1 opu E€ Vs,
& —{ 0 nmpu E€V_. (4.12)
Ilpu aTuUX yCa0BHAX
DO (E) |<cpl& 1P, (4.13)
rie D — go6asi nmpoussoiHas nopsinka | D |, | § | — eBkau-

JloBa JyinHa 4-BekTopa &, a ¢p — Hajuexallasi oJOXKLTelIbHas
nnocrosinnasi. CuiibHOe obpalleHne B HYJb QYHKUHH @ B TOYKE
X = y O3HayaeT, YTO CYIIECTBYIOT mocTosiHHble Ch, M =
=0,1, 2, ..., Takue, yTO ’

|Dp | < Cht | x—y M. (4.14)

Tem cambiM mpousBenenue O (x — y) @ (x, y, X) onpenejeHo
B IpocTpaHCcTBe of, a CHHIYJAPHCCTb GYHKUHH U B TOUKe
X = y TNOAaBJseTCs 3a CueT oOpalleHus B 3TOH TOYKE B HyJlb
(pyHKUUH @.

Onpenenum ?)

ro @) = (o | 9¢). (4.15)

T0 BHIpAXK€HHE CYILIECTBYET H JEHCTBHTEJbHO SIBJISIETCS pelle-
nneM ypaBaenus: (3.9):

<r0(x’ Y, X)—"a(!/y X, X) |(P(x7 Y, X)) =
=Is(x 4 )1V (x—y) o (x y, X)) —
— sy, %, X) |0 (y—x) ¢ (x, y, X)) =
== (Io (x, Y, X) |(P(x’ Y, X))
3nech MBI Bocnosb3oBaluch opmydnol (4.9), a Takxke yusau
10T hakr, uro ¥ (x — y) + ¢ (y — x) = 1 B o6nacru supp /.
l{eonpeneneHHoCTh 3TOH CYMMBI NPH X = y HECYLIECTBEHHA,
II0OCKOJIbKY ¢ B 3TOH TOuke ofpaluiaercs B HYJb.
Onpenenenue (4.15) He 3aBucuT OT BbiGOpa (YHKUMH O,

TaK Kak cBoGoja BBIGOpA CYIIECTBYET TOJNbKO B 06JacTH
(x —y)?*<< 0, a tam ¢ynkuus /, paBHa HyJIO.

1) Has sHauenns oGoGueHHOH GyHKUMH T Ha OCHOBHON (YHKLHH
(p MEL ToNb3yemcs B paBHOl Mepe oGosnayenusmu (T | @), (T (X) | ¢ (X))

H S dXT (X) @ (X). IIpuHOoCHM 3a 3TO H3BHHEHHE UHTATENSM.
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Herpynno y6emutbcsi B TOM, 4TO omnpenessieMast GopMy-
Jo# (4.15) o606weHHass QYHKLUUSA 7, UMEET NPaBUJbHBIA HOCH-
Te/b: OHa obpallaercsi B HyJib Ha TeX OCHOBHBIX QYHKUHAX @,
KOTOpbI€ PaBHBI HYJIIO B o6nactu (x — y) € Vi, (x — x;) 2 Vs
IJIs1 BCeX .

Bmopoti wae. BpibepeM npoH3BOJIbHYIO TEPEMEHHYIO X;
u o6o3HauuM ee dyepes z. [lycts pynxkuus ¢ (x, y, . . ., 2, .. .)€
€ o obpaliaercs CHUJIbHO B HYJb NPH ¥ = 2. B cuay tpebosa-
HUH CHUMMETPHH NSl ry moaydum u3 (4.15)
re (X, 4y oo 0y 2y, )@, Yy, .oy 2, . .))=

=Us(x 2,y ... )0 x—2(x Yy, .2 ..))
(4.16)
Mbl Jo/KHBI TOKa3aTb, UYTO 3TO ONpeleseHHe Ccorjacyercs
¢ dopmy.ioit (4.15) Ha OCHOBHBIX QYHKUHUSAX ¢, OGPAIIAOMIUXCS
CHJIBHO B HYJ/Ib KaK IPDU X = Y, Tak U Opu x = 2. [Ipu obcyx-
JIEHHUH 3TOTO BOMpOCca NepeMeHHbIe X;, OTJIHUHbBIE OT Z, He UTPaloT
HHKako# pouau. [lostomy miasi ympoueHusi 0603HAYEHUH MBI
pPacCMOTPHM TOJbKO TpeXToueuHbll cayyaii. O6o0uieHye Ha cay-
yail MPOU3BOJILHOTO /i NPOU3BOAUTCA HemocpeicTBeHHo. ITycTb
¢ (%, y, 2) — Takas ocHoBHas pyHKuusA, uTo ¢ =0 npux = y
u npu ¥ = 2. PaccMOTpuUM BeJIMYUHY

A= Us(x 9 2 (x—y ol(x y 2))
Oyukuusa O (x — y) no omnpereseHHio obpaiiaercss B HYJb
npu (x—y) € V_. Tlostomy B cuay ycsiosus (4.8) Bkaal B A
HAI0T TOJBKO TOUKH (¥ — y) € V4. Bropasi wacte ycaoBus (4.8)

NPUBOAMT K JOMOJHUTENbHOMY TpeGoBaHuio (X —2) € Vi
Ho B 310#t 06aactu & (x — 2) = 1, Tak uro BeJIMYHHY A MOXK-
HO TpeICTaBHTb B BHUIE

A= Ut 4,0 x—p) ¥(x—2 @ (x, y, 9)).
YuuteiBasi ycaobue (4.10), monyvaem
A=—Us(y, 2, )| ¥(x—y d(x—2) @ (x,y,2))—
- (IU (zv X, y) ‘ ﬁ(X—!/) '&(X—Z) (P()C, Y, Z)>
[lepBhiit useH obOpauiaercs B HYJb, [OCKOJbKY HOCHTEIH ABYX
MHOKHTEJIEH B HEM He nepekpriBaiotcsi; supp /4 (y, 2, X) conep-
MHT TOYKHM TPOCTPAHCTBA, YJIOBJIETBOPSAIOILHE Tp€60BaHHﬂM

(y — x) € Vy unu (z — x) € V4, Tax uto B Ji0GOM CJydae ofHa
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13 GyHKUME O obpamaercss B HyJb. BTopoii uieH mociaenHer
(opMyJIBI MBI MOXKEM JONOJHHTb BBIpaXKEHHEM

- ([0('2’ X, y) l 'ﬂ(y_x) ﬁ(x_z)fp(x: Y, Z)),
KoTopoe ofpaiaercsi B HyJb IO TeM e NMpHuMHAM [yc/ioBus
(x—2)€Vy n (z—y) €Vy mm (x —y) € V4 npHBOLAT
K ToMy, uto (x — y) € V,]. ITostoMy, mosb3ysichk eme ycio-
BueM (4.9), oKOHUATeJIbHO MOJyYaeMm

A= (10 (x, 2, y)l 'ﬁ(x_z) ¢ (xv Y, Z))v

T. €. HCKOMOE YCJOBHE CaMOCOI/IaCOBAHHOCTH.

Tpemuii wae. Tlycrb f g of — NPOCTPAHCTBO OCHOBHBIX
¢byHkuuit @ (x, x4, ..., X,), KOTOpbIE 0GpAUIAOTC CHIBHO
B HY/Jb B TOUKAX X = X; = ... = Xp.

[Tyctb f (1) — BemecTBeHHas GyHKUHA U3 Kaacca C™, KOTo-
past obpauiaercs CHJIbHO B HYJb npu u = 0 (4 — cKansapHasa
llepeMeHHas) U CTPOro MoJoKUTeJbHa Npu u 7 0. Onpeneaum
(dbyHKUHIO

F(uy, ..., u,,):ig1 f ().

Ona orHocuTcsl K Kaaccy C* W CTPOrO MNOJIOXKHTEIbHA BCIOAY,
KpOMe HayaJja KOOpAHHAT, B YaCTHOCTH Ha €JWHHUYHOH cdepe

Qui=1. Hyem E=x—x;, |&P=(E)>1+E,
n
|EP= 218 n wi=|&]/|E]
1=
Beenem BcromoratesbHBIE QYHKUHH

il ooy o)=L (4.17)

y "% un) )

Oun BelleCTBEHHBI, OTHOCATCA K KJaccy C™ BCloay, KpOMe Tou-
KH X = Xy = ... = X,, HHBAPHAHTHbI OTHOCHTEJbLHO TPaHC-
JSUMA M pacTsKeHMH M 0OpallaloTcs CHABHO B HYJb IIPH
x = x;. Kpome roro,

,ifi(x, sy Xn)=1. (4.18)
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s - a

BesiencrBue MaciutaGHO MHBapHaHTHOCTH QYHKUMH f; no aHa-
Joruu ¢ yciaoBueM (4.13) umeem

|Df; | < Cp | B |TPL (4.19)

Torana mo anajoruu ¢ ycjosueM (4.14) nns pyHkuuit ¢ € Fo
HoJIyyaem ‘

Do | < Cy | B |, (4.20)

TaK YTO NPOHM3BENeHHe ¢; = f;(p NPHUHALJIEKUT MPCCTPAHCTBY
0. Boaee toro, dyHkuMsa ¢; obpalaercs CHIbHO B HYJb NpPH
X = X;, TaK 4TO 3HaueHHe 06OOLIEHHOH (PYHKLUHU r; HAa (PYHK-
LUSAX @; ONpene/sieTcs pe3yJbTaTaMu BToporoara. [Teckonbky

n
(P(x.'l X):Zicpl (x'l X), (4‘21)
MBI TIOJTyYHM

(ro (x, X)| @ (x, X)):zl (lig (2, X)| Gi (%, X) @ (x, X)),

(4.22)

rae
Lig (%, Xgy « ooy Xn)=1o (X, Xi, « .., Xic4Xizg, -+ oy Xn), (4.23)
Ci(x, X)=0(x—x;) fi (x, X). (4.24)

Bripaxenue (4.22) cymecTByeT U He 3aBHCHT OT CreLlHafb-
Horo BbiGopa (GYHKUMH f, B UeM MOXHO MpocTO YGemauTbCs,
NOBTOPUB XOJ pacCyKAeHHH BTOPOro I1uara. JTO BbipaKeHHE
onpenensieT GyHKUHUIO 7, Ha NPOCTPAHCTBE oy, 006J1aJal0IYI0
HY>KHBIMH CBoHcTBaMu. JleHACTBHTENbHO, YCJIOBHS CHMMETDHH
OTHOCHTEJIbHO apT'YMEHTOB X; , BELIECTBEHHOCTH U TPAHCJ/ISALHOH-
HOH WHBAPHAHTHOCTH BBINOJHSAIOTCS TpPUBHaJbHO. [IpHHamIex-
HOCTb HOCHTeNst K obsacTu (x — x;) € V4 cuenyer u3 CBOKCTB
Hocurenel ¢pynkuuit O u [, (Halua npouenypa TakK ClenHasbHO
M CTPOMJIACh, YTOObI YCJIOBHSI Ha HOCHTENb BBIMOJHAJHCE).
EQMHCTBEHHOE yCJ/IOBHE, KOTOpPOE elle HYXKAAeTcsi B IpoBep-
Ke,— 3TO TpeboBaHHe JIOpeHU-HHBapuaHTHocTH. Ilycth A —
npeobGpasoBaHue u3 cobcrBenHOl rpynnsi Jlopenua. OueBHIHO,:
yto ¢yHkuun ¢ (AE) u f; (Ax, AX) ob6nanalotT BceMH HeoGXo-
JAMMBIMH CBOHCTBAMH BCIOMOraTeJbHBIX GYHKUMH O H f;,
¥ M03TOMY 3aMeéHa OAHHX (QYHKUHH ApyruMu B dopmyae (4.22)
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lie M3MeHHT pesyJbTaTa. MHbIMEM ci0oBamy,
(ro (2, X) | @ (Ax, AXD=2(Iia (x, X) | Li (x, X) @ (Ax, AX)) =

=;(1i0("’ X) |G (Ax, AX) @ (Ax, AX)=
_——Z (11’0 (A'lx, A_IX)I Ci (x, X)(P(x’ X)):
=;(1iu(x7 X)ICE (x: X)(P(x, X))——:(ro(x, X),(P(X, X)),

uTO M TpeGoBaJoCh 0Ka3aTh. 3[eCb Mbl BOCHOJ/b30BaUCh HHBA-
PHAHTHOCTbIO (DyHKUMH [, M COOTHOLLEHHEM

(T(X) 19 (X)) = (T (AX) | ¢ (AX)),

CrpaBeJIMBLIM s J11060# oGobuieHHoH ¢yHkuuun T. PakTu-
IeCKH OHO ONpexessieT JedcTBHe npeobpa3oBaHus A Ha QyHK-
o T

Yemeepmoiti wiae. Ham npencTouT euie paciliupuTb oIpeje-
JleHne (QYHKUHM rg, 3aJaHHOH Ha npocTpaHcTBe oy, Ha Bce
lipoctpaHcTBO of. MBI clies1aeM 3To, pacLIMPHUB €ro aaxe Ha 6Go-
Jlee IIHPOKO€ MPOCTPAHCTBO OCHOBHBIX (DYHKUMH.

[Tyctb N — nmpoctpaHcTBO QYHKUUH @ (X, X, . . ., Xn),
llenpepbiBHBIX BMECTe CO CBOHUMH [POM3BOAHBIMH 10 N-ro mo-
psiiKa, JJIsT KOTOPbIX HMEET MECTO YCJIOBHE

Supl (1| xP-HI X P*Dg (x, X)| <o (4.2

JUIs1 BCEX HEOTPHIATEJbHBIX LEJbIX o ¥ BCeX MPOU3BOAHBIX D
nopaaka | | << N. Tonmosmorus mpocrtpaHcTBa oY omnpene-
Jssiercsi mosyHopMaMu (4.25). ITpoctpanctBo o miotHo B V.
CorJiacHo xopoiio u3BecTHO#H Tteopeme (cm. [19], crp. 239),
WSl 3aflaHHON (DyHKUMH [ ; CYLIECTBYET NMOJIOXKHUTEIbHOE Les10e
ancao N, takoe, uto ¢yHkuus /, onpeneneHa Ha o N. DyHk-
1HI0 7, GyZeM OmpenessaTbh Ha TOM Ke mpocTpaHcTBe V.
[Tycts Y — noanpocrpaHcTBO NMpocTpaHcTBa oV, cocrosi-
lilee U3 OCHOBHBIX (GYHKUMH, 06pallaioUXCs B HYJb BMeCTe
¢0 BCeMH CBOMMH IPOM3BOAHBIMH 10 mnopsifika N B Toukax
Ve= X = ... = X,. HerpyaHo Bugerb, 4T0 BCS apryMeH-
Talus waroB 1—3 ocraercs crnpaBelyiuBOH, €CJH ONpPENENHUTb
ciibHOe ofpalieHne B HYJb GYHKUHMH (¢ B HEKOTOPOH TOUKe
I 3TOM HOBOM oOrpaHHYeHHOM cMbicsie. OmnpezneneHue (4.22)
MOXKHO HEME[JIEHHO pacHpoCTPaHHUTb Ha NpPOCTPAHCTBO FY.
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HanomuuM, 4T0 B CHJly TPaHC/SILMOHHON HHBAPHAHTHOCTH
Is (%, X) urs (x, X) MOr'yT cuHTaThCS1 OGOOLIEHHBIMH (DYHKIHSI~

MH Da3HOCTeH MepeMeHHbX §; = x—x;, i =1, ..., n (cm.
[13], ctp. 60—62). CorsmacHo mnpembiayHIEMY OGCYKIAEHHIO,
¢yukuus rq(&y, ..., §) onpeneneHa Ha INpPOCTPAHCTBE

&N (E) N-xpatHo AuPPEPEHUHPYEMbIX OCHOBHBIX (DYHKUHH
¢ (E), KoTopble CHIBbHO 06pallaloTcsl B HYJb B Touke & = . . .
... =28, =0. Mbl RO/KHBI PacIpOCTPAHUTb 3TO OmpeneJe-
Hue Ha mpocTpaHcTBO SV (E).

[Tycre D obo3navaer unq)(pepeﬂuuanbﬂmﬁ onepaTop

D= II II o™ (4.26)

i1 umo (BN

npuyeM | D |==>) a;y—ero mnopsgok. OnpefennM BeJHUHHY
v

mD__ (Et) iy
o) H ai ] (4.27)
IMyctb v (84, . . ., &) — Npou3BO/IbHAS, HO (PUKCHPOBAH-

Hasl BelecTBeHHast QYHKUHS U3 Kiacca C® ¢ KOMIAKTHBIM HOCH-
TeJieM, IIpHueM BhIOpaHHAs TaK, YTO Y = | B OKPECTHOCTH Haua-
Jla KOOpIHHAT U y (X — Xy, ..., X — X,) HHBapHaHTHA OTHO-
CHUTEJbHO TNEepPEeCTaHOBOK apryMeHTOB X, Xi, ..., X,. TaKue
¢yskuuu cymwecrByior. Hanpumep, MoxHo o6pasoBarb (yHK-
LLHIO

i
v(® =l v(—x) [] v(xi—x)),
i=1 <Jj
rae v (E) o61aaeT KOMNAKTHBIM HOCHTENIEM H TOXKAECTBEHHO

paBHa 1 B OKDPECTHOCTH TOYKH & = 0. PasHoctu B aprymes-

Tax QYHKUMH y CJeiyeT BbIpasuTb yepes §;.
OrmpenenuM (pyHKLHIO

Y2 (E) = EPy (E) (4.28)

s Bcex D, nas xoropeix |D | <K N. Ecou D u D' — pBa
augdepeHuasbHbIX oneparopa Buaa (4.26), To Mbl umMeeM
D'Y? |gp..~tn—0 = Sppr, (4.29)

rJle PaBeHCTBO ABYX AuddepeHLHaIbHBIX ONEepaTopoB onpese-
JIEHO KaK PaBeHCTBO BCEX CTENeHeH o .
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[ycte dyukuus @ (E) € FV. Ee MOXKHO pasiloKuTb B PSif

@ (E)= % op¥? (E)-+¢' (B), (4.30)
|DI<N
rae
=D (B) |ey=...=ga=0 (4.31)

" @’(E)EJ&V. Toraa
(ra (B)| @ (B))=(rs (E) | ¢’ (E)H—%] @p (rs (B) | vP (E)). (4.32)

[lepBbiit ujieH B MpaBoO# YaCTH 3[eCh ONMpeaesieH PacCyKAeHHs -
MH TpeTbero mara. Mbl JOJIKHBEI ONpeNesnTb KOHEYHOE YHC/IO0
NOCTOSIHHBIX (ry | YP) TakuMm o6pa3oM, 4ToObl (DYHKUHS 74
YIIOBJIETBOPSiJia BceM HEOOXOAHUMBIM TpPeGOBaHHAM.

Oynkuuio ¢ (E) MOXHO 3amHcaTh KaK TPaHC/JISLUOHHO-HH-
BapHAHTHYIO (DYHKIMIO TepeMeHHbIX X, X, TPOU3BENsl 3aMeHY
€, = x — x; B aprymeHrax. Torja yc/JoBHSI Ha (YHKIHIO 74
opMy/IMpYyIOTCS CaeAYIOIHM 06Gpa3oM.

1. BemecTBeHHOCTb: 3TO YCJOBHE YJOBJETBOpSETCS, KOTAA
BELIECTBEHHH ( gy | yP).

2. Hocurenb: ycioBre Ha HOCHTE/Ib aBTOMAaTHYECKH YIOBJIET-
BopsieTcs pasJoxeHueM (4.32), nockonbKy Besikasi GyHKUHS @,
obpauawniasicss B HyJb B obmactu T,, uMeer Ko3hPUIHEHTHI
pasJIoKeHUsI Qp, Takxke obpallaoimuecss B HyJb.

3. CumMerpusi mo aprymedram X: ecJd

Q (X, ooy Xgy oy Xjy o) =
= — (X, .y Xjy ooy Xiy o l)
1518 mobo# napwi (i, f), TO
(re 1 @) =0. (4.33)
4. JomKHo yJloBneTBOpATbCSl ypaBHeHue (3.9): ecau
QX X o) =—0 (X, %, ...,

To 1)
2(rg (%, Xy - )@ (X, X4y .. .)) =
= {re(x, X - . )@ (X, Xqy .. ) —
— e (X % - )X, Xy o)) =
= (g (%, X4y .. ) | @(x, X4, ...)). (4.34)
1y Buipaxenue {rg (¥, ..., xp) | @ (x, . .., X)) B ZaHHOM cJay-

yae caepyer norumarb Kak (rg (&, ..., ) 1@ (&1 ..., &), mO-
CKOMBKY @ (X, .., i, X,) He ABJAAETCH OCHOBHOH# (yHKUHeH.
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Herpynuo yGenutbesi, uto ajisi GYHKUMH ¢, aHTHCHMMET-
PHYHBIX TO XBYM CBOMM apryMeHTaM, omnpejejeHus (4.33)
H (4.34) cosnagaror. Ilpeamosio:kuMm, Hampumep, 4TO
QX Y2 =—0o(,x 2 =—¢(x, 2 ¥), Tak 4T0 QYHKIUS
(¢ MHBAPHAHTHA OTHOCHTEJBHO LIMKJIHYECKOH IE€PecTaHOBKH
BCeX Tpex mepeMeHHbIX. Torma B cuay ycaoBus (4.10)

7 s (x 4, 2) |9 (x, y, 2) == o (5 4 |0 (x, 9, 2)+

+9(4, 2, D+ (2 % Y= s (%, 9,2)+
-+ uuka. nepecrad. |@(x, y, 2))==0.

ITostomy onpenenenus (4.33) u (4.34) NpUBOAAT K OJAHHAKOBO-
My pesyJbTary.

BBeneM KoHeuHOMepHOe BEKTOpHOE mpoctpaHcTBo I', Hars-
HyTO€ Ha QYHKIMK yP, HHTepIpeTHpyeMble KaK GYyHKIMH nepe-
MEHHBIX X, Xy, ..., X,. B 3TOM IpPOCTpaHCTBE NEpecTaHOBKH
NIEPEMEHHBIX X, X; OYeBHAHBIM 06pPa30OM ONpPENEeSIOT JHHEHHOoe
NpeJCTaBJleHHe IPYMINbl YPn+4 NE€PECTaHOBOK (1 + 1) obbekra.
3ro (nMpuBOAMMOE) NpENCTAaBJIEHHE MOXKHO NpeoGpa3oBaTh C I0-
molbio cxeMbl IOnra !); B pesyJibTaTe Mbl NOJY4YHM

S N (4.35)

rae I's cocTouT M3 MOTHOCTBIO CUMMETPHYHBIX QYHKLMH, a Jio-

6yto pyHKumo B I'; MOXKHO IpEACTAaBUTD B BUE CYMMbI YJI€HOB,

KaX/IblH M3 KOTOPBIX AHTHCHMMETPHYEH IO KpalHeH wMepe

no onHoit mape mnepemeHHbIX. Coorrowenus (4.33) u (4 34)

OnpeJessioT GyHKUHIO 1 ; Ha noanpocrpaHerse I'y, Ho He Ha Ty,
Ilepenuwem cymmy B (4.30) B Buge

S oot? (B)=ve (@5 D+va(0s B, (4:36)

rre ys € I's u y, €T Kak dynkuun nepemenueix x, X. ®yHk-
UMH Y5 H Y, 3aBHCAT OT QYHKUHMH @ TOJIbKO Yepe3 KOHCTaHTHI
¢p, rre | D | << N. Beanuuna (ry | o) MOJHOCTBIO UKCHPO-
BaHa, a BeJMuMHA (ry | ys) BCe ellle MPOU3BOJIBHA.

1) Onpenenenne cxembl IOHra cM. B J1060ii M3 MHOTOYHCJIEHHBIX
KHHT 110 NMPHMEHEHHIO TEOPHH TPYNN B KBAHTOBON MeXaHHKe.
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Ciienyer no3aGoOTHTBCA €lIE€ O BLINOJHEHHU TNATOro Tpedo-
BaHUsl — JIOPEHI-HHBADHAHTHOCTH. 3JTO NOTPe6yeT JOBOJBLHO
JVIHHHOTO PacCMOTpeHus 1).

OyHKUMA g (X — Xy . . ., X — X;) HUHBApHAHTHA OTHOCH-
TeJbHO CBfI3HOH rpynmel JlopeHna, €cJd OHa HWHBapHaHTHA
OTHOCHUTEJbHO GECKOHEUHO MaJibiX 11peobpasoBaHUil 3TOH rpym-
nel. TlosToMy JHOCTaTOYHO YCTAHOBUTb, YTO BBLINOJHSAIOTCA
YCJIOBUS

Muvrg (X — X, oo oy X—x,) =0, (4.37)

rue

I\ | < 9
0 0

M :(x“—-l_-x"—) (xl.*——i—x?—) 4.38
v axV axM +§1 toxY T T ok (4.38)
s, v=20, ..., 3, u<<v. BepxHue 3HaKu cjeayeT BLIOH-
patb npu p = 0, HHXKHHE 3HAKH — BO BCEX APYTHX CJAyYasix.
IeiictBue onepatopa M, Ha ¢yukuun @ (&, - .., &)
OTIpeNeNIsieTCsl IOCPENCTBOM .3aMeHbI IEPEMEHHBIX §; = x — x;.

Oneparop M, oroGpaxaer npocTpaHcTBO N*' B mpoctpaH-
ctBo V. Ha ssbike 0606LIeHHBIX (QYHKIME yeiaoBue (4.37)
o3Hauaer, u4to (QYyHKUHA rg (E) obpailaercsi B HYJb Ha BceX
OCHOBHBIX (yHKUMAX BuAa M, (E), rae ¢ € SN,

Ilyets 97y — KOHEUHOMEPHOE BEKTOPHOE MPOCTPaHCTBO
Bcex ¢opM crenenn M mo nepemenHbiM &;. Bekropol EP Buaa
(4.27) ¢ |D | = M o6pasyior 6a3uc B NpPOCTPAHCTBE 7" yr.
IlpencraBiesye Trpynnbel NePecTaHOBOK Yn+y ONpeessiercsi
Ha NpocTpaHcTBe %7y TaK K€, KaK OHO ONpejessaioch Ha Mpo-
crpanctBe I'. Ilostomy Mbl MOxeM onsiTb NpPEACTaBUTb MpO-
CTPaHCTBO ¥y B BULE

Vu=Wu®Vu, (4.39)

rie %’y CONEPIKHUT TOJBKO TOJHOCTHIO CHMMETPUUHbIE (OPMEI,
a 9% — BCe ocTajbHble GOPMBI.

Oneparop M ,, Ha npocTpaHCcTBe %), NEHCTBYET KaK JTHHEH-
HbIH onepaTop. baaronaps ero cuMMerpun GTHOCHTENBHO Nepe-

CTAHOBOK OH OTOGpa)kaer NOANpPOCTPaHCTBO %'y B Wk,

1) BoJiee mpocToe peueHne npoGeMbl HHBaDHAaHTHOCTH, OCHOBaHHOE
Ha aHaJIHTHYECKHX CBoHcTBax 0. 3. ¢. B p-MpoCTpaHCTBe, GBLIIO AAaHO
Onuwreiitiom u Tnasepom [16, 17] B cBsi3n ¢ ¢popMynHpOBKO# HOBOro
NOAXOAa K TEOPHH BO3MYIUICHHH.
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a Wy — B Wy OnpenenuM cKajisipHOE IIPOU3BELEHHE B NPO-
CTpaHcTBe %"y, mnorpe6oBaB, 4ToObl 6asuc

ep=[] V ai,IE" (4.40)
1, Vv

6b11 opToHOpMHpoBaHHBIM [cM. (4.27)]. B atom Gasuce onepa-
Topel Moy, kR = 1, 2, 3, NpeACTaBJAIOTCS CHMMETPHYHBIMH
MarpuiaMu, a oneparopsel M;p, i, k = 1, 2, 3,— aHTHCHMMET-
puuHbiMH MaTpuuamu. Omneparop Kasumupa

3
C= E Mgh’—‘ 2 %k (4'41)
k=1

1<i<kh<3

3DPMUTOB, MOJIOXKHTEE€H H MOXeT ObITb AHaroHa/nu3oBaH. Ero
cOOCTBEHHBIE BEKTOPH! U;, OTBeYalolHe COOCTBEHHOMY 3Hauye-
Huto 0, nop aelicreueM oneparopa M, o6paulaioTcs B HyJlb:

(vi, Cv))=0=> g (Myy0i, Muy0:)=0=> M,,v; =0,
n<v

[IOCKOJIbKY BCE YJIEHbl B CyMMe Z HeoTpuUaTeabHbl. Biaro-

p<v
Japsi MOJHOH CHMMeTpHH omeparopa M, cyuwecTByer 6Gasuc

(HeoGsi3aTeIbHO OPTOrOHAJBHLHI) COOCTBEHHEIX BEKTOPOB Orle-
patopa C, TakoH, 4To Bce OGa3HCHble BEKTOPBI JexaT JH60

B NOANpOCTPaHcTBe %7y, Mubo B moanpoctpanctse 7 5. [lyctb

Y59 — NOANPOCTPAHCTBO B npocrtpaHcTBe ¥y, HaTAHYTOE
Ha cOGCTBEHHbIE BEKTOPB! oneparopa C ¢ HYJIEBHIM COBCTBEHHBIM

3HayeHueM, a 7/‘3} — €ro OpPTOrOHaJIbHOE [OIIOJIHEHHE B IPO-

CTpaHcTBE /%, HATsHYTOE Ha COGCTBEHHbIE BEKTOPHI Onepa-
tTopa C ¢ HeHYyJIeBEIMU COGCTBEHHBIMH 3HAUEHHSIMH. OnpeneJmM

aHaJIOTHYHBIM 00pa3oM HOL[HpOCTpaHCTBa W, %/’ M H BBe-
JeM moxanpoctpaHcTBa W'h = Wit + WW, Wy = W't +
-+ 9°%. B pesysbrate NOJY4HM

WVu=Vu®Vst, Wu=WnR oWy (4.42)

MW 5=0, M 31=0, (4.43)
CW =W s, CWSA=W%. (4.44)
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MHuaue rosopsi, oneparop C MHAyUMPYeT aBTOMOP(H3MbI MOA-
IIPOCTPaHCTBA W5, W% ¥ TeM CaMbIM noAnpocTpaHcTBa % iy
OGparupiii  oneparop C~! cyumectByer Kak aBTOMOPGH3M
Ha 3THX TPeX NOANPOCTPAHCTBaX.

C nomomiplo 3THX Pe3y/bTAaTOB MBI MOXKEM Iepenxcarb pas-
Joxenue (4.30) B ¢opme, GoJiee mpucrnocobJeHHOH K 06Cy-
/ICHHIO HHTepecyowed Hac npoGjeMbl. Ilyctb onsith ¢ (E) €
€#N. Moxuo Haiitu Takue ¢opMbl Fypr (B) € W'y, M <N,
YTO B OKPECTHOCTH Haua/la KOOpAMHar OyleT crnpaBenjiuBO
pasyoxeHue

N
¢ (B)= D Fu(E)+R(B), (4.45)
M=0

rie R (E) o6pamaercs cu/ibHo B HyJb npu & = O (T. e. BMe-
CT€ CO BCEMH CBOMMH IPOM3BOAHBIMH, BILIOTb JO mopsaka N).
KoadhduuuenTts! Fy; 3aBUCAT OT K03GULHEHTOB ¢p, | D | = M
suHelHo. Paspenum F,, Ha ABe 4yacTu:

Fu (B)=Fau(B)+Fu(B), Fue¥ ',  (4.46)
U npeo6GpasyeM pasnoxenue Aas ¢ (E):

N
¢(E)= D Fu(E)y(E)+
M=0

N
+ 2 Clr @ CFu @)+ (B).  (447)

Onepatop C onpenensiercs dopmyaolt (4.41), rune Tenepb
M,y — nuddepenunanbhpie onepatopel Buaa (4.38). Onnako
B niocjienneit gopmyJse C-! Bce eie siBasieTcsi MaTpuuel B MoA-

NpPOCTPaHCTBE Wi. B OKPECTHOCTH TOUKH, B KOTOpOH y = 1,
BTOPOH 4YJeH mnpaBod 4YacTH pasjoxeHus (4.47) paseH

S Fi(B), Tak uro ¢" € &#N. Baaromaps ycnosuio (4.37)
obo6uieHHast GYHKUHA r, obpaiiaercs B HyJb Ha (YHKUHAX
BTOpPOil cyMMbl B ¢opmysie (4.47). dopmy F$ MoxHO najee
pasbuTh cierylomuM o6pasom:

FY% (B)=F3 (B)+F3% (B), Fif €W, (4.48)
M MBI NOJy4aeM OKOHYaTeJbHO

N N
1ol 9)=(rol @+ 2 (rol Fitv)+ 2 (rol Fiw).  (4.49)
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B 3TOM BEIpaKeHHH nepBbi 4seH (4jeH ¢ ¢”) Gbli onpenesneH
Ha TperbeM lllare, BTOPOH — Ha YE€TBEPTOM Luare, TakK Kak
F3? vy €T,. Onnako TpeTHHi WieH OCTAaeTcsi HEompee/]eHHBIM.
Ero MOXHO (hHKCHPOBaTb NPOU3BOJBHBIM 06pa3oM C TeM Orpa-.
HUYEHHUEM, YTO JJI51 BEIIECTBEHHBIX (¢ OH JOJIKeH ObiThb Belle-
cTBeHHbIM. Hampumep, MOXHO 1O ONpefeseHHI0 MOJ0XKUTh €ro.
paBHBIM HYJI0. JT1a cBoboja Bhi6Opa OTBEYaeT BO3MOXKHOCTH
Jo6aB/ieHHsl PelleHUs] OJHOPOAHOro ypaBHeHUs. [leficTBUTE/b-
HO, 3aBHCHMOCTb (r | Fi‘} Y) OT @ HMeeT B TOYHOCTH TOT BHUI,
KOTODBIH TNpPEANUChIBAJCS TeopeMoll 4.1.

HerpynHo npoBeputhb, uto GyHKUHUS 7, ONpeneneHHas ¢op-
MyJioH (4.49), neACTBUTENBHO YAOBAETBOPSET YpaBHeHuio (3.9),
BELIECTBEHHA U CUMMETPHUYHA 10 COBOKYIHOCTH NepeMeHHHIX X.
Jlnst GoJibluell HaJeXKHOCTH Mbl XOTeNH Gbl HENOCPEACTBEHHO
y6eNNTbCS B €€ HHBAPHAHTHOCTH, HECMOTPSI Ha TO YTO TNOCJEex-’
Hfis cenyer W3 nocrpoerus. Ilyerb @ = Mz, P € SV
INoctpoum cootBercrBytompe GyHkunu Fy. M3 dopmyn (4.43)
CJIelyeT, uTo F?w = 0. Ilyctp 1?%4, 1-3}4 U T. . 6yayT popmamu,
BXOJSIUUMH B pasjioxenue (4.45) pisi GyHKuuH Pp. 3aMETHM,
uro M MF?, = 0. Toraa nosayuyaem

N
¢ =Mup— 3 ClyC MyFul=

=My (113 - % FMY) +§ {Myy (F;WV) —C [YC_IMMF}M]}-

N
Dyukuua (Y — ) Fry) HMeeT NpousBopHble, O6palIAOLIHeCs]
1

B HayaJle KOOPAHHAT B HYJb BIUIOTb 1O NPOU3BOLHOH NOpAAKA
N. BcenencrBue Toro, uto M,y € Wy, NEPBbIH UNEH
My (p — . . ) IpHHAANEKNT NPOCTPAHCTBY N u obpallaercs
B HYJb Ha r, (CM. KOHel Tperbero iuara). IlcckosnbKy ¢” €
€ Y, BTOpO# 4JeH B npeabinyuiei opmyJe

Ty, = % M,y (Fiy) — C [yC M, Ful}

TaKxe NpPHHALIEXKHT npocTpaHcTBy 3. Onepatop M, KOM-
MyTtupyer c oneparopamu C u C-!, Tak yro

Tz::% {Myy (F}V.I'V) —M,C [‘yC‘l.f_‘}w] +C [(Muwy) (C-IF}w)]}z
=3 My (Fhey—C 4 Fial} 4 J € (Myo) (€T30
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3nech o6e purypHeie CKOOKH npuHaniexar Y | C*, orkyaa
ONfiITb B CHJIy pe3yJbTaTOB TPETbEro Ilara CJAeLyeT, uTo
{rs | T2) = 0. DTuM 3aBepluaercs JOKa3aTeJbCTBO HHBaPHUAHT-
HOCTH.

Hcnonb3oBaB sBHYIO 3aBUCUMOCTb (YHKUHMH @p OT Foy,
MOXKHO TIpUAaTbh pasnoxeHuro (4.47) dopmy, aHajgOrny-
Hyio (4.30):

e(E)= > ony" (E)+¢'(B), (4.50)
| DTN

rie y€D u $°=y" B oxpectHocTH Hauana KOOpAHMHAT.

Torpa o6obuieHHas GYHKUMSA rg ONpeesaeHa Ha ¢ € o N paBes-
CTBOM

(rcl(xv X)ltp(x’ X»:
=2, (Tiols, X)|0l6 )00 XD+ 3 rden, (451)

rge noCTOsIHHbIE r? =(ro|yD ) ONpeAesiItOTCA TaK, Kak OIHCa-
HO BbllLe,

Heyno6etBo onpenenenns (4.51) coctout B TOM, 4TO B HEro
CTOJIb CYLIECTBEHHLIM 06pa3oM BXOAHT OCHOBHast QYHKLHS .
Boiio 61 ropasgo mpeanouTHTeNbHEe BhIPa3sHTb OGOGLIEHHYIO
GYHKUHIO g HENoCPEeICTBEHHO uepe3 0600leHHbE (yHKLHH
I;;, 6e3 SBHOTO YyNOMHHAHUSA OCHOBHBIX GyHKuui. Takoe
BBIpAXKEHHE Mbl cefyac MOJNyYHM.

PaccmorpuM BeromoratenbHble GyHKkuuu &; (x, X), omnpe-
neneHHble Gopmynol (4.24). Oum oTHocsitcss K Kuaaccy C%°
BCIOZY, KPOME€ TOUKH X = Xy = ... = X,. BnibepeM ¢yHK-
uuto p (§) us D, Takyw, uro p= 1 B okpecrHoctH §& = 0

u o (—E = p (E). Onpenennm

n
p(r, )=1— [l p(x—x) [ otri—x) (4.52)
i=1 1<i<igsn
QyHKUMS O NpHHAMJIEKHUT Kjaaccy C*, ofpaiiaercs B HYJb
B OKPECTHOCTH X = ... = X, U TOXJIECTBEHHO paBHa | BHe
6oJiee IIMPOKOH OKPECTHOCTH TOI'O e MHoroobpasusi. Ompe-
IeJUM QYHKIHIO

ox (X, X) = p (nx, X), 0<x<<oo. (4.53)
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DyHKUUSA P, 06/27AET TEMH K€ CBOHCTBAMH, 4TO H QYHKLHS P,
NpHYeM [Be ee CYIIeCTBEHHble OKPECTHOCTH 3aBHUCSIT OT X.
OyHKIMsSA

gi% (X, X) = Px (x’ X) Ci (xv X) (454)

npuHajjexur kiaccy C®. ®yuxkuusi {;, U ee NpOU3BOJHBbIE
IIPH % —> 00 CXOJSITCSI PABHOMEPHO COOTBETCTBEHHO K (DYyHKIMH
{; U €e MpPOU3BOIHBIM Ha BCEX 3aMKHYTHIX MHOXKECTBaX, He
nepeceKalomnx KPHTHIECKOTO MHOro0o0pasusi X = X; = . ..

. = X,. DoJee TmarejbHbll aHaluM3 MOKasblBaeT, YTo AJS
¢yHkuun - @ (x, X) € SV - nocnenoBareJbHOCTb  (PyHKIHH

N
Cix® TPHHALJIEKUT MPOCTPAHCTBY o) U CXORUTCS MPU % —>00

K (YHKUHH (;¢ B TONOJIOTMH IPOCTPaHCTBa &N, [Toatomy
onpenesnenue (4.51) MOXKHO 3amucath Kak

(ro]@)=2 lim (lellm[cp—/ e Zro%

1 H<o0o

N - N

Ho Cixp€F " u CM)DEJ , TaK 4TO TpPU KOHEUHbIX ¥ JABa
yjJeHa B KBaJpaTHOH CKOOKE JaroT BKJajJbl, KaXJAblH H3 KOTO-
pbIX CYLIECTBYET IO OTJeJbHOCTH:

(rclq))'—‘ lim [2 <[zo|€mq)>'—

—2%o [Ei Uio| ¥y — 131} (4.55)

Onpepenss
n
Row= 3 (lickin| ¥") — 13 (4.56)
4 BCIIOMHHaAsl, 4TO

¢p=Dg (E) [,=0=(—1)! P! S 20 (@)D e0 (), (4.57)

NnoJIy4yaeM Hall OKOHYaTeJIbHbI I pesyJbTar:

ro (%, X)=1lim {i Cine (%, X) Lig (x, X)—
®n-+00 i=1 i (458)
|2<N R&Dig 8 (x— x;)).

IDI<
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B P-NPOCTPAHCTBE OH 3aNlMCBIBAETCSI B BHJE
ra(p, P)=1lim{(2n)"1;, (p, P)sTio(p, P)—
H—+ 00

—8(p+2 p) D ReFo (P, (4:59)
rape

Cin(p, P)=(2m) 20" +D/2 5 dxdX X

xexp {i (px+ S pses) } Lucls, X) (4.60)
H
Fp(P)=(2m) T2 (— 1) PIDexp (—i Y p,ty) 50 (4:61)
3necb Pp — dopma crenenu | D |. CumBoa * oGo3Hauaer
CBEPTKY:
A (P) B (P) = [ dQA (P — Q) B (Q).

He BpaBasice B AeTajid, NOAYEPKHEM JIHIb, YTO IOCTOSIHHBbIE

RO, TecHO CBsI3aHBI ¢ KOHCTAHTaMH BBLIYHTAHHS (EPEHOPMHPO-
BOYHBIMHM KOHCTaHTaMH) KaHOHHYeCKoro ¢opmanusma. Heomnpe-
JeJNeHHOCTb B uacTH Fjy KoHcTauT R&, oM. (4.49)] coorser-
CTBYET TPQH3BOJY B BbIOOpE 3THX KOHCTAHT BhluuTanus. [lox-
pobHOe HCCaeJOBaHHE 3TOH CBSA3HM NOKa HE IPOBELEHO.

Hakogel, cienyer cienath 3aMeyaHue O CrelUaJbHOM CJ1y-
yae AByxToueuHo#l ¢yHKuuu. [Ipu ee paccMOTPEHHH Mbl JOJIK-
Hbl yuecTb NOIOJHHTeNbHOoe ycjoBHe (2.58), KoTopoe 10 CHX
nop He obcyxnanock. DYHKIHA 7o (p, g), onpenensieMas qop-
myJoii (3.3), yrosaerBopsier ycnaoBuio (2.58), Tak uro B crap-
IIMX TNOpsiAKax o > 1 OHO NpPHHHMAaeT BHJ

70 (p, Q) = 64 (p + 9 (q2 - m2)2 F, (q)v (462)

rie ¢yHkuusi F, aHanutuuHa npu ¢* << 4m®. Urtobbl yuecTb
3TO HOBOE YCJIOBHME, H3MEHHM TeopeMy 4.2 ans cayyasg n = 0
cJefyomuM o6pas3oM.

Teopema 4.3.
Uto6bl ypaBHeHHE

I's (xi y) —TIs (y1 X) = 10 (X, y) (463)
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MMeJIO pellleHue, yJoBJeTBopsiolee ycjoBusiM A u b
Teopembl 2.1 u ycioBuio (4.62), Heo6XOAHMO M JOCTATOY-
HO, 4TOObl [, (x, y) Obuia 0GOGUIEHHON (QYHKUHEH yMme-
| peHHOrO pocra co caepyloUIMMH CBOHCTBaMH:

a) supp /4 (x, y) = {(x — y)* < O0};

6) I, aHTHCHMMeTpHYHA:

Iq ()C, y) + 1, (y’ X) =0 ) (464)

B) [, BellleCTBEHHA;

r) /, UHBapHaHTHA OTHOCHTEJbHO TNpeoGpas3oBaHui
rpynnel Bt

1) dypre-obpas Iq(p, q) =8*(p +q) I, (q) npu
g*> << 4m*® oGpauaercsi B HyJb.

YcaoBus «a» — «I» T€ Ke, 4TO U B Teopeme 4.2, OTKyJd
caenyer ux Heo6xomumoctb. Mcnosbsyem ycioBus (2.27)
u (2.53):

ro(p, @ =8 (0 + 9 rs(@), rolq, p) =
=6 (p+ g ro(—g). (465

Te xe paccyxaeHusi, KOTopble GbUIH KCIIOMb30BaHbl A5 QYHK-
uuu r nocje ¢opmyJsl (2.56), MOryT ObITb MPHUMEHEHEl M K .
W3 Hux caenyer, uto r4(q) =r, (—q) npu ¢*> << 4m®. dro
JIOKa3biBaeT HEOOXONHMOCTb YCJIOBHS «A».

Jloka3aTesqbcTBO JAOCTAaTOYHOCTH BHOBb CBOJMICH K IIO-
CTPOEHHMIO IBHOTO pelleHus. V3 nokasaresnbcrBa Teopembl 4.2
Mbl 3HaeM, 4YTO BhipaxkeHue (4.59) B uyacTHoM cayyae n = 1
npejcrapJsieT co6oil pelieHue ypaBHeHus (4.63), ynoBJeTBO-
psilollee BceM TPeGOBAaHHSAM, 33 HCKJIOYEHHEM, BO3MOXKHO,
veaoBust (4.62). Ilyerb

rs(p, q) =6%(p + ) rs (9

ectb pewenne Buga (4.59). Tlockosbky HocuTenb QYHKUHH
rg (x, y) Jaexur B obiactu (x — y) € Vi, dyHkuus rg(q)

anasutnuba B (Img) € V_, a dyHkuus rg (—¢g) aHanuTHuHA
B (Img) € V4. YcnoBusi «i» u (4.63) mator

rs (q) = ro (—q) nas ¢* < 4m?,
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TaK 4YTO, COIVIaCHO TeopeMe «06 OCTpHe KJIHHa», GYHKLHSA r'g (q)
aHAJINTMYHA JUIs1 BELIECTBEHHBIX ¢ NpH g2 << 4m?. B cuny cBoeit

JIOPDEHI[-HHBAPUAHTHOCTH aHAaJUTHUYECKasa q)YHKI.lHH rs 3aBHUCHUT
TOJIBKO OT q2, TaK UYTO €€ MO2KHO pPasJjO2KUTb B OKPECTHOCTH

¢* = m® B psL:
r6(@) = A + B(¢* —m®) + (¢* — m*)? Fs (¢%).  (4.66)
Onnako nonuHoM A + B (g2 — m?) ectb pelieHHe OIHOPOX-
HOTO ypaBHEeHHS
h(g) —h(—9 =0,

obJsajaroniee BCEMH HeOOXOAUMBIMH JONOJHUTEJbHBIMH CBOH-
ctBamu. [lostomy ¢yHKIUA

ro (@) = (@ — m)? F4 (9) (4.67)

IpeacTaB/IseT coGoil MCKOMOE pelleHHE f g ypaBHeHus (4.63),
yIOBJIeTBOpSIOLIee ycaoBHio (4.62).
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IMNOBEAEHME HA MAJIbIX PACCTOSIHHUAX

BepHemcst K Bompocy O INpOM3BOJI€ B DELIEHHM YypaBHe-
Hus (3.9) ans dyHkuuu rs. Ilpu obcyxnenunu Teopemsl 4.1 Mbt
TOBOPHJIM, 4YTO BBHIOOp (YHKUHHM r; GDUKCHPYET B3aUMOJEH-
cTBHe. DTO YTBEpIKAEHHE I0Ka He NPEACTABJSAETCS CJHIIKOM
cojiepKaTeIbHbIM, TOCKOJbKY HeonpeeJeHHOCTH Buza (4.3)
BO3HHKAIOT B JI0O60M mopsake o. Uro6bl H36aBHTbCS OT HHUX
X0oTsl Obl OTYACTH, CJeNyeT HAaJOXUTb Ha (PYHKLHIO 7 AONOJ-
HUTEJbHOE Yc/IoBHe. B KauecTBe TakOBOrO MBI PacCMOTPHM
€CTECTBEHHOE NPeJIoJoKeHHe O NOBeeHHHU r'; Ha MaJbIX pac-
CTOSIHHSX 1).

IMpexne yem copMyJaUpPOBATh 3TO YCJIOBHE, C/lelaeM KOpOT-
KOe MaTeMaTHYeCcKoe OTCTyINJeHHe. PaccMOTpHM MpOCTPaHCTBO

&F (uy, . .., 4;) OCHOBHbIX (YHKLHH YyMepeHHOTo pocTta [
nepeMeHHHIX. JIuHeHoe oTobpakeHne

PU)=> 91 (U) = (AU), 0<A <o, (5.1)

& Ha o HenpephBHO B TomoJiorun . Onpenesnum LyajbHoe
oro6paxenne T (U)— T, (U), T € & (U), Tax, uto

(Tr @) =AM AT | ga). (5.2)

dro orobpameHue o Ha o TaKKe JHHEHHO M HeNpepbIBHO.
CemelictBo 060611eHHbIX GYyHKUMHA T, nopoxnenunoe T € o,
HernpepelBHO 3aBHCHT OT A B npegenax 0 < A <C oo,

Qopmyay (5.2) MOXKHO MpeicTaBUTb B YAOOHO!H MHTErpaJb-
HOH 3anucu:

[ aur. e Wy=w | dr ) o1 (V)=
= S dVT (VW) ¢ (V), (5.3)

l) BmecTo 3TOro MOXKHO OblLIO GBI BBECTH OTpaHH4YE€HHSA Ha noBe-

JeHHe (1)ypb€-06p838 r'q TPH BBICOKMX 3HEpPrHsAX. Mbl otpaem npennoy-
TE€HHe YCJOBHIO B X-NIPOCTPAHCTBE, NOCKOJbKY INpPOBEAE€HHOE B TIJ. 4
NOCTpOEHHE 6bL10 OCyIIeCTBJIEHO B X-NIPOCTpaHCTBE.
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re Mbl NIPOU3BEJM 3aMeHY MepeMeHHBX Au;—uv;. CHMBOJIH-
YeCKH MOXHO 3amucaTh

Ta (s, - ) =T (-, ek (5.4)

OueBupHO, yTO Mpenes A—- oo a5 T JoJ/KeH B KaKOH-TO Mepe
XapakTepu3oBaThb noBefeHue T nNpH MamlblX ;. Hnas ¢ypbe-06-
pa3soB ¢opmyna (5.4) npuHHMaeT BUJ

Ty (@, ..., w) =M Oy, ..., \w). (5.5)

dra ¢opMyJa, No-BUAUMOMY, MOKAa3bIBaeT, YTo Mpexes A — oo
s Ty, onpenensiercs noseneHueM ¢ypbe-obpasa T npu 6oJib-
IIKMX 3HAYEHHSIX €ro apryMEHTOB. 3aMeTHM, YTO OA0GHOE «oue-
BHJIHOE» 3aKJ/IOUEHHE MOXET OKa3aTbCsi OOMaHUYHMBBIM: IOBeJe-
nue ¢ypbe-o6pasa T =-D8'(W) npu A—>oco OueHb CHJIBLHO
3aBHCHT OT TOpSiAKa NpOU3BOAHOH D, HecMOTpsi Ha TO, 4TO
Bce pypbe-06pasbl 1’ npu GoJbLIKMX w; 06paILaloTCs B HYJIb.
IoKkaxeM CJIEYIOUIYIO JIeMMY .

Jlemma 5.1.

HOasa moGoit o6obwenHoit dyuxkuuu T (uy, . . ., U))
CyLIeCTBYeT BeIeCTBEHHas KOHCTaHTa d > — oo, Ta-
Kasl, 4To

lim AT, =0 (5.6)
A—+>00

s p << d, Ho ne nas B> d. Ilpenen B dopmyJe (5.6)
cleyer TMOHHMaTb B CMbIC/IE CXOAMMOCTH B of . 3Haue-
Hue d = 4 oo pomycTuMmo.

Hoxasameavcmso. OueBugno, uto ¢opmynaa (5.6) umeer
mecto aJist B, ecau oHa umeer mecto asi B > P. Takum obpa-
30M, ycJoBue (5.6) onpenesisieT ceueHHe BEIeCTBEHHBIX YHCE.
Coraacio Teopeme IllBapua ([19], crp. 239), 0606uieHHYIO
¢dyukio T MOXKHO paccMaTpHBaTh KaK IPOHU3BOIHYIO KOHeY-
HOTO TOpSilKa OT HenpepbiBHOH (DYHKIHH, MEIJIEHHO yObiBaIo-
e Ha GeckoHeyHocTH. MHBEIMH CJIOBaMH, CYHIECTBYIOT MPG-
usBoaHast D mo U xkoHeuHoro mopsiaka | D |, HeoTpuuaTenbHOe
uesoe yucao N M mosoxuTeabHAsl nocrosHHasg C, Takue, 4TO

T (U) = Df (U), (5.7
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rae [ — HenpepbiBHasi QyHKIHSA, YAOBJETBODSAIOUIAs YCJOBHIO
lFyIsciu+1u|l (5.8)

Orciona st GyHKUUA @ € f HMeeM
Tloy=(—D'"" | a0 L@ 111 U 1 D ),

LU
KT o< @ llp w+2+1-, (5.9)
rae
J= [ Ui UM O <
u

”q)"D.M-":—‘S[LIlp|[1+|U|M]D(P|. (5.10)

Hna GyHKUMH @, HMeeM

l®allpar = Sup [ [1 + | U M Do AU) | <
< Sup | Do AU)| + Sup | |[U | M D (AMU) | <
SAIPISup | Do (U)|+ API-MSup [| U [MDe (U)], (5.11)
QTKYJa CJeayeT, YTo
[(Ta 1) =A (T o) ISIMAMDI @ | po +
+ MPI=M||g|p, ), (5.12)

T. e AM(T) |9)—> 0 mna B<<— 11— |D | Dror npenen
JLOCTHTaeTCsl PABHOMEPHO Ha OTPaHHYEHHBLIX MHOXKECTBAX U3 o,
ripuyeM orpaHMYEHHOE MHOXKECTBO OIpefenisieTcst TpeGoBaHUueM,
yTOGH! BCe |[@ |[p, »y OBLIH OrpaHHYEHbl HEKOTOPHIMH 3adaHHbl-
MH KoHeuHbiMH 3HaueHusmu ([19], crp. 235). 910 nokasbiBaer
JIeMMy M MokasbiBaer, yro d > — [ — |D | > — oo.

3Hauenue d, onpejensiemoe gemmoit 5.1, HazoBeM macwmab-
Hoil cmenerbio Y), WM Kopoue s-cmenensto 0606LEHHON QyHK-
uuu T. CokpaiieHHo Mbl 6yaeM o6GosHauatb ee SD(T).

1) Mel npepnounTaeM STO Ha3BaHHE TEPMHHY «Pa3MepHOCTbY,
KOTOpbIH NpHOOpes MonyasipHOCTb 1151 0603HaYeHHUs] JaHHOH BEJHUYHHBI
B APYyroM KoHTeKcTe. MBI cyMTaeM, YTO 32 TEPMHHOM «Pa3MEPHOCTbY
CJefyeT COXPAHHTb €ro OCBeLleHHbIl BpeMeHeM CMbICJ, (UKCHP YOI
nonoxexHHe ¢yHKUHH T B CNELHaNbHOH CHCTeMe €IMHHIL.
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Il pumeper.
1. dopma

TU)=_> Cquit
Zal:A

creneHd A umeer s-crenedHb A. DTOT pe3ysbTaT HE MEHAETCS
npu ymHOkeHMH T Ha Jorapudmuueckuil MHOXKHTENDb (In | u; |
WIH aHAaJOTHYHBIH), T. €. NPU TaKOM OIpENENEHHU S-CTENeHH
JorapupMHyecKie CUHTYJSAPHOCTH OLEHUBAIOTCS TaK Ke, Kak
M OrpaHHyeHHble (YHKLHH. ITO OKa3blBA€TCS CYILECTBEHHbIM
B [IPUJIOXKEHHSX, HUCIOJb3YIOLUX TEOPHIO BO3MYILEHHI.

2. TlpousBoanas

b iLli 6 (ui)

or 8-bynkuuu D nopsaka | D | umeer s-creness —! — | D |.

3. Beskas o6o6lieHHasi (QYHKLUMS, HOCHTENb KOTOPOi
HE COJEpKHUT HauaJlo KOOPAHHAT, HMEET S-CTeNEHb, PAaBHYIO 0.

4. Tlycre Ty, T2 € o umeror s-crenenn d, u do. Eciu d; <<
< d,, 1o s-crenenb d dyukuuud Ty 4 T ectb d = d,. Ecau xe
d, = d,, T0 d 2> d,, NOCKOJbKY YJieHbl C MAaKCHMaJbHOH s-CTe-
neubio B Ty u Ty MOTYT COKDaTHThCS.

Tenepp Mbl MoxkeM cgopMyJHpoBaTh oOellaHHOEe Bhllle
JIOMTOJTHHTEJIbHOE yCJIoBHE Ha PYHKUHMIO 7 4. Tlompebyem, 4mobe.
pewerue ry ypasnenus (3.9) O0ana o =2 6cezda evibuparoce
MAKCUMANLHOL 803mOocHOL s-cmeneru. C TOUKH 3pEHHS] MpH-
BEJEHHbIX BBIlE NPUMEPOB 3TO O3HAUYaET, YTO Mbl TpeGyem
CTOJIb TJIaJIKOTO MOBENEHHS pellieHHs Ha MasbiX PacCTOSHHUSAX,
CKOJIb 3TO TOJIbKO BO3MOXKHO. Takoe yCJ/OBHE BBITVISIHT ecTe-
CTBEHHBIM W YaCTO HCIOJb3yeTcsl B aHAJOTHUHOI opme H BHe
TEOPHH BO3MYILEHHH ).

[Ipocreiiliee npuMeHeHUe 3TOr0 NpPHHUMIA B HalleM KOH-
TEKCTe TaKoBO: €cau ¢yHKuus g (xq, ..., x,) =0 (u 310
CNpPaBCAJIMBO JAJIs1 JI060r0 (PHKCHPOBAHHOTO MOpSiKA O JJs
BCEX 71, HCKJIOYasi KOHEYHOE HX YUCJIO), TO B KAUECTBE PEILeHH s
caenyer Bbibpath r, = 0. KakoBa MakcuMmaJsbHasi BO3MOXKHast

1) CM., Hampumep, onpelesenue «uugekca pocta» B paGore [38*]
MM TPpeGOBAHHC «MHHHMAJbLHOH cHHryJspHOcTH» PaiinGepra [40*].—
IIpum. nepes.
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S-CTeMeHb B TOM cJyuae, korga [ = 0, Mbl MOXEM BBIBECTH
U3 pacIIHPEHHOTO BapuaHTa TeopeMmbl 4.2.

Teopema 5.2.
Ilyers 14 (%, y, Xy, ..., X,) HMeeT s-cTeNneHb d
U YJOBJIETBOPSIET YCJOBHSIM «a» — «I» TeopeMmbl 4.2.
Toraa cymectByeT pelieHue r, ypaBHeHHd (3.9), HMelo-
ee s-crenewb d U yloBJerBopsiouiee ycjaoBusM A u B
teopemnl 2.1. Pewenufi r, ¢ s-crenenbio Gosblie d He cy-
IIECTBYET.

Bropass uactp Teopembl 5.2 oueBHAHA BBHAY UYETBEPTOrO
H3 NpHBEIEHHBIX Bbille npuMepoB. M3 ycioBus SD (rg) > d
cnenyer, uro SD (/) > d, a 370 HaXOZUTCS B NPOTHBOPEUUH
C MCXOAHBLIM IIPEANOJIOKEHUEM TEOPEMBI.

JoKa3aTeJbCTBO CYLIECTBOBAHHS PELUEHHSI C S-CTEIeHblo d
HECKOJIbKO Gosiee cyoxHO. MBI Bocnosib3yeMcsi 3/ieCh MOHSITHS -
MH H 0003HAU€HUSIMHU IJ1. 4.

CrepyeT 3aMeTHTb, UYTO €CJH S-CTeNeHb 0600LIeHHOH (YHK-
wuu /4 (X, Xy, . . ., X,) paBHa d, TO S-CTENEHDb TOH Ke PYHKLUHH
Is (& ..., &), BbIpAXKEHHOI Yepe3 pa3HOCTH IIepeMeHHBIX
E; = x — x;, Takxke paBHa d. dro caenyer u3 cpoicra (5.4).

[yctb ¢ (E) € #N. Torna ¢, (E) € Y u (rq | ¢4 ) 3anaer-
cst dopmysiolt (4.22):

(ro| o) = g (30| Cipa)- (5.13)

Ho ¢yukuus §; MaciuTabHO MHBAapHaHTHA, TaK YTO (==
=(ip)a, M B CHIY NPHHATOTO MPEANOJOXKEHHS OTHOCH-
teabHO SD (/4)

A ol oa) = DA™ (i | (Liph) >0 mpu A— o0, B<d.
(5.14)

o N
PaccMoTpuM Temepr caydali @ €o°; 3TO O3HAyaer, YTO
" (pAEJN. OueBHaHO, YTO

(@)p=A""¢p (5.15)

=P (5.16)
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-IDIZD
B OKPeCTHOCTH TOukH E;=0, Tak uro Bequunnbi A~'° 'y;v B
JNO/IXKHBE 00J1afiaTh TaKUMH e OOUIMMH CBOHCTBaMH, 4YTO

u camu y°. COryiacHO pesyJbTaTam TJ. 4, MOMHO HATNHCATh
(ro | @ay=21 Gilio| @1 — X @n¥]) + 20 (ro| ). (6.17)

[TepBuiit unen 3nech uMeer gopmy (5.13); nostomy oH obnanaer
JIOI2KHBIM aCHMNTOTHYECKHM TMOBELeHHeM Ipu A —- oo, Bropoii
YjieH TaKKe UMeeT MpaBUJIbHbiE CBOMCTBA BCIOAY, TJi€ OH Olipe-
JieJieH elMHCTBeHHBIM o6pa3oM: Ha C [yC~1F}y] on obpauaercs
B HYJb, a Ha Fy dyHKuus r, coBnagaer ¢ /,. B o6onx stux
clyyasix s-creneHb OoJiblle uau paBHa d. Tenepb cienyer
noKa3atb, YTO HEONpele/IeHHble YjieHbl B GYHKLUHH fg BCEra
MOXHO BLIOpaTh TakK, YTOObI r; B LEJIOM HMeJa s-cTeneHb d.
DTO 03HAyaeT, YTO JOJMKHO CYIIECTBOBATh TAKOE PeLIeHHE I 4, UTO

lim A**" (ro | yP)=0 mpn B<d. (5.18)

A~00
[Tyctb rg — pelleHue, NOCTPOEHHOE TaK, KakK 3TO JE/1aJoCh
B Ii. 4, HO He 006513aTeJbHO HMEIOIIee XKeJaeMylo S-CTENeHb.
Ha npoctpanctBe Y nmeem r, = rg.
BriGepem jnBe KoHcTaHTH T°, T”, yI[OBJIeTBOleOI.lIPIe yeJio-

B0 0 < 7 < 1" << oo, Oynkuwmn v ' 212 — 3P, rze nops-
Iok D ¢ukcupoBaH, a T u3MeHsiercsi Ha orpeske [1', 1”], o6pa-
3yIOT OrpaHHYEHHOE MHOXeCTBO B mpoctpaHcrse o). [as
p << d MoxHO HaHTH TaKylo KOHCTaHTYy cg > 0, 4TO

AR o 17 PIRE YDy [ <cp mpr 1 <A< oo. (5.19)
Onpepenum
Ro=2""" s |90y (5.20)
TaK, 4T0 Qopmysa (5.19) npuHuMaer Bux
|Ro—Ru| <ciA-, p'=p-+4n|D|. (5.21)

Bri6epem KOHCTAHTHI T, 1: TakK, YTo6bl OHH YJOBJETBOPSIJIH
yeaoBhio 1 < 1’ < t’2< T"<< oo, u TOJIOXNHTEIbHYIO KOH-
cTanTy W > 1 Tako#l, uToGHI Gbuto 1 — l/p = 1 -8, [oka-
K€M, UTO CYLIECTBYET BellleCTBeHHasl KOHCTAHTa a, [Jisi KOTOPO#H

Ry —a| << cpuh® (5.22)
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npu Bcex A > 1.
JlJs IOCTAaTOYHO MaJsiol BEJHYHHB O MOXKHO HaHTH KOH-
cranty Ay > 1, ans Kotopoii

Ry > b4 cpph P, (5.23)

a JuIst OCTAaTOYHO OGOJIBILON b MOXKHO HAaHTH KOHCTAHTY Ay > 1,
JJ11 KOTOPOH

Ry, < b— couhB'. (5.24)

Ecau xowncrauthl a, yJoBJeTBopsiollell ycaoBuio (5.22),
He CYIIECTBYET, TO 3TO 3KBHBAJIEHTHO TOMY, YTO CYLUECTBYET
TPH KOHCTAHTH b, Ay, Ay, /ISl KOTOPHIX ONHOBPEMEHHO BBITIOJ-
usitorest yeaosus (5.23) u (5.24). Yeaosue (5.23) MoxKeT BbINoJI-
HSITbCS A b, 3alaHHOH Ha OTKPBITOH C/eBa MOJYOCH, a ycJio-
Bue (5.24) — masa b, 3anaHHOH Ha OTKPBITOH cripaBa NMOJYOCH.
Ecnu 3TH 1Be noJiyocH He nMepekphiBalOTCS, TO JJIsi KOHCTAHTHI
a B 06/1aCTH MexJy HUMH BhiNoJHseTcs ycaoBue (5.22). Tenepb
MBI [OKaxeM, YTO 3TH [OJYOCH NEHCTBUTEJbHO HE MNepeKphl-
BaloTCsl. I1peanosoKuM NpoTUBHOE, a UMEHHO YTO CYLIECTBYET
noaxonsiiiasi Tpoika uucen b, Ay, Ay, s obnactn v < T <<
<< 1" ¢ nomoubto dopmya (5.21) u (5.23) MOXKHO NOJYYHTH
OLIEHKY

Ry =R — Rag+ Ry = — cph B b+ cpph B >
= b+ cpp ()~
rae Rﬂi onATb yaoBAeTBopsieT ycaoBuio (5.23). HMrepauus
5TOH NPOUEAYPHl IO3BOJISET YCTAHOBHTb, UYTO
Ry =0+ cguh¥ (5.25)

BO BCEX CJyYasiX, KOIa oTHolueHue A/A; MOXKeT GbiTh MpEeACTaB-
JIEHO B BH/I€ TPOU3BEIEHUS MHOXKHTEJEH T;, JI€XKALIUX HA OTpe3-
ke [t', 1”]. C ydyerom cpeslaHHOrO BbIlE IPEANOJIOKEHHUS
"> 1'% Takas (aKTOpH3alUMs CYLIECTBYeT IJs BceX A >
> 1Ay

AnanornysbiM o6pasoMm u3 (5.24) noayuaem

Rus=Ruy— R+ Rip << cphy B b —cpp (77"2)_‘3/
s v <<t <<t” M, HTEpHPYs, NPHXOAUM K HEPABEHCTBY
Ry < b — coph¥ (5.26)
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st A > 1'Ay. Kom6unupysi HepaBenctBa (5.25) u (5.26),
HETPYIHO yGenuTbcst B TOM, YTO AJIsI JOCTATOYHO GOJBIUMX A

b+ cgph 8 L Ry <O — cppuh™F,

T. €. WMbl TNPHUILIH K NPOTHBOpPeYHto. TeM caMbiM JOKa3aHO
CYLIECTBOBAHHE KOHCTAHTHl @, YIOBJIETBOPSIOWIEH  YyCJIO-
Buto (5.22). OueBHAHO, YTO 3Ta KOHCTaHTa a (UKCUpPOBaHa
€IMHCTBEHHBIM 00pa3oM u He 3aBucHUT oT P npu B> 0. Tlccaen-
Hee BO3MOXHO B caydae, korna d 4+ 4n + | D | > 0. Toraa
1MeeM

MR [y — ad P | < e
Onpenenum 06o6LLEHHYIO (YHKIUIO
b =(—1)""'aD[] 8* &) (5.27)
U IOJYYUM '
M (rs — kg |90 | cop. (5.28)

(OT™merHM, Y4TO KOHCTaHTa @ 3aBUCHT oT D H 0, XOTS 3Ta 3aBU-
CHMOCTb M He BbIpa)keHa $IBHO.) Brillie MbI moJqyepKHBa/u, YTO
aCUMNTOTHYECKOE MOBeNEHHEe (QYHKIHH rg GTHOCHTCS K XKeJsae-
MOMY THUMY, TNpPH KOTOPOM !, ONpele/sieTcss eAHHCTBEHHBIM
o6pasom. Otciopa cienyer, 4to GYHKUHSA

Pl= % he (5.29)
D=const
npejicTaB/sier co6of pellleHHe OLHOPOAHOro ypaBHeHHs (4.1),
yIOBJIETBOPAIOLLEe BCEM JOMOJHHUTENbHBIM YCJAOBHAM. Takum
o6pasom, 3amena (ry | v°) Ha
-.D ’ D, 7D
(re|v )=(ro—ho |¥v") (5.30)
NPUBOAHT K pellleHHio, ob/afamoleMy TpeGyeMblM CBOJCT-
BoM (5.18). Ecau ke d 4 4n + | D | << 0, TO 8cakoe pelueHune
4, B YaCTHOCTH NEPBOHAYAIbHO BolOpaHHash QYHKUMSA rg, Oyler
yaoBieTBopsitTh ycaoBuio (5.18). [lefictBuTeNbHO, M3 Hepa-
BEHCTBA
|R) —a|<<cpuh B
fo/1yuaeM

|(ro] W) 1< @M P! 4-cpua =P ",
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OTKyJa aBTOMAaTHYeCKH CJIelyeT CIpaBeiIHBOCTb YCJIOBHS
(5.18), mockoabky u3 ycaoBus B <<O0 caemyer P -+ 4n <
<—1D|.

C yueroM 3THX pe3yJbTaTOB Mbl MOXEM Tenepb BHINHCATb
pellleHue r,, OTBeyalollee s-CTeNeHH d, CYLIeCTBOBaHHE KOTO-
poro npoBo3rJaiianoch B Teopeme 5.2. Onpegenum gis ¢ € N
OCHOBHYIO (PYHKLMIO

o=0— g ooh ' Py g eo7” (5.31)

—d—4n<|DISN IDIS-d—4n

H 0GOOIIEHHYIO (DYHKIHIO
(ro| @)==(ro| pa) 4
+ %’ ooh ™ Plre | YD) }D] Lop.  (5.32)

—d—4n<|D|<N |DI< —d—4n

[epBHiil yseH B 3TOM Pa3JIOXKEHHH ONPEeseH B CHJY TOTO, Y4TO
¢y € FV. Dynkuuu r? COBNAJAlT C TEMH, KOTOPHIE BXOAAT
B paBeHcTBO (4.51). Uusensl ¢ | D | > — d — 4n, onpeneneH-
Hble popmyao# (5.30), B mpenese A — oo o6pauialoTcst B HYJb.
B pesysbrare Bcs npaBasi 4acThb PaBEHCTBA He 3aBHUCHT OT A,
TaK 4TO
D
relp=Mim (g |@})4- 2 rgep  (5.33)
|D|STd-4n
M 3TOT Ipefiesl CYLIEeCTBYeT. SIBHYIO 3aBHCHMOCTb OT ¢ MOXKHO
HCKJIIOUUTb M3 3TOTO BHIPAXKEHHS, TaK K€ KaK H NPU BHIBOLE
topmynbl (4.51). Hcnonb3ysi onpenesnenue

Rgm\,:)"_l DIZ (IiUCiu I {?f)a (5'34)

f0JTyyaéM OKOHYATEJbHBIH pe3yJ/bTaT, aHaJoruuHbll (4.58),

ro(xv X)——hm lim {EQm(x X) Iza(xy X)—

A—00 %—>o00

- 2 RcmkD -“1 ot (x‘—xj) -
i=

D
—~d-4n<| D |SN

— % R,’,’,,D[]] 8 (x—x5)).

|D|<d—4n

(5.35)
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Mp1 nosiyunsin peluende, orBedarollee TPeGOBAHMIO MaKCH-
manbHocTH SD (rg). Ecam d << 4n, To 3T0 peluenue Bce ele
HE €IMHCTBEHHOE, HO CONEPIKUT HEONpPeNeNeHHOCTb, CBSI3aHHYI0

¢ BBIGOpPOM (YHKIMH r’.,J npu | D | << — 4n — d. 10 3KBUBa-
JIEHTHO BO3MOXKHOCTH J0OaBHUTb K OTBETY IPOH3BOJBHOE OfHO-
poxHoe pewenue Bupa (4.3) ¢ |D | << — d— 4n. Takue
OJIHOPOJIHBIE UWJIEHB HMeEIT s-cteneHb — |D | — 4n >=d,
N03TOMY HX JoGaB/eHHE He YMEHbIIAeT S-CTeneHH GYHKUHUH 7 .
[Tonyyaemasi HeompeneneHHOCTb He crenndHyHa L5 pas3BH-
BaeMoro 3ziech ¢opmasauama. OHa NPOSBJISAETCS M B KaHOHHYE-
cKoM (opMasiu3Me B BUJi€ HEONPEAEJEHHOCTH B KoadduureHTax
KOHTPUJIEHOB, HEOGXOAMMBIX JJIsl YHHUTOXKEHHS GeCKOHEUHOo-
creit. B ra. 8 MBI oKazkeM, YTO Ha caMOM JieJie Uil TaK Hasbl-
BAEMbIX ME€PEHOPMHUPYEMBIX TEOPHil HUKAaKHX MHBIX Heonpene-
JIEHHOCTeH, KpOMe H3BECTHBIX M3 KaHOHHYeCKoro ¢opmasnusma,
B aKCHOMATHYECKOH TEOPHH BO3MYLIEHHH He BO3HHKAET.

Jna nByxtoueyHol (yHKUMH onTHManbHoe peuienue (5.35)
He YIOBJETBOpsieT, BooOuie roBops, ycaosuio (4.62), mo xpaii-
Heit Mepe npu d > — 6. [Ipu d << — 6 ycnoButo (4.62) MoxHO
BCErJa YIOBJIETBOPHTD, 106aBUB, KaK B TeopeMe 4.3, K QYHKIHH
s (g) moOJMHOM BTOpOH CTeNeHH, YTO He NPHBOAMT K YBEJH-
ueHHto s-crenedd SD (r,). B caysae d > — 6 Takoi noJuHoOM,
BoOOlIE TOBOpS, TaKKe MOXHO JOGaBHTb, HO 3Ta ONEpalus
yMeHbWIMT s-creneHb SD (ry) 10 —6 (uaM, MoxKer GbiTh, 10
—4). Taxkum o6pasoM, npu d > —6 s-cTeneHb (QYHKUMH
ro (%, Y), YIOBJIETBOPSIOLUIEH YCJOBHIO TIMaIKOCTH Ha MaJibiX
paccTosiHusiX, paBHa, BooOlie ropopsi, —6, a He d. Tem He me-
Hee 3To pelleHHe efuHCTBeHHO. HeonpeneseHHOCTH BO3HHKAIOT

Tonbko npu d << —6. Onu jator BKJIaA B QYHKIMIO 7' (g) BuAa
> cn(gE— mA)E. (5.36)
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CBOVMCTBA ®YHKUUU I,

[IporpammMa mnocsenoBaTe/bHbIX NPUGIHKEHHH, ONHCAHHAS
B IVl. 3, MOXKET CYHTaTbCSl peanu30BaHHOM B Iyl. 4 U 5, ecau
¢ynkuus /4, BoiuncseHHas no gopmysam (3.10) u (3.11), ynos-
JeTBopsieT npennonoxeHusm teopem 4.2 u 4.3. Tenepp wmbl
3afiMeMcs TeM, 4TO JOKaxeM 3To. I[omycTHM TOKa, YTO HHTe-
rpassl B opmydie (3.11) cyuiecTByior, H pacCCMOTPUM HX CBOH-
ctBo. CyllecTBOBaHUE 3THX MHTErpajioB OYyAeT NOKa3aHo B clie-
JyIOLIEH TIJaBe.

[lycte pynkuuu ro (X, X4, ..., X,), T << O, H3BECTHHI H
YJIOBJIETBOPSIIOT YCJIOBUAM TeOopeMbl 4.3 B TEOPHUH BO3MYILUEHHI.
Bruucaum ¢yHkuuu J s U 145 no dopmyaam (3.11) u (3.10).
MBI OJIKHBI TIOKa3aTh, 4YTO TOJYyYEeHHBIE BBIPAXKEHHS JJs
¢yHruMU [, YIOBJETBOPSIOT YCJAOBHUSIM «a» — «I» TeopeM 4.2
H 4.3 COOTBETCTBEHHO.

OueBHHO, UTO YCJIOBHUS «T», «i» U (4.9) y1oBIeTBOpSIOTCS.
YcoBHE BelECTBEHHOCTH «B» HETPYIHO TMOJYUHTh U3 Tpelo-
Banua [Ay (B)]1* = —Ay (—E), uto naer

J?Lo (X, Y, X) = (—I)IJIRG (!/: X, X)' (61)

B uuncne MeHee TpUBHAJbHBIX YCJOBUH 06CYIMM CHayaJja
Bonpoc o ToxaectBax (4.10), HamoOMMHAIOIMX TOXKIeCTBa
Skobu. s ynpouieHHuss 0603HaYeHHI OrpaHUYUMCS PacCMOT-
PEHHEM TOJIbKO cayyasi TpextoyeyHol ¢yHKuMH. Jlokasaresb-
CTBO /151 OOIIEro cJyyass MOXKHO TMNOJYYHTb M3 IOCJEIHEero
NpOCTOH TNOACTAaHOBKOH B Hajjexalue MecTa apryMeH-
TOB X;.

Onpepenum

(oo} .l
[xz7 !/]-: _L 2 ';_] JZZ(T (x, yv Z),
o (6.2)
. il
[, y2el=—1i 3 4 100 (%, 4, 2):
=1
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’

WMuaue roBopsi, komGuHalus [xz, y] conepxur TonbKo TE GYHK-
MK J..., B KOTOPbIX NE€peMEHHAas Z BXOAMT B NEPBLIH MHOXKH-
Tesib r (BMeCTe C mepeMeHHO# x), a Kom6uHauusi lx, yz] conep-
XKUT TOJBKO T€ U3 HHUX, B KOTODBHIX NePEMEHHAasi Z BXOAUT B TOT
»Ke MHOXKHTeJIb r, 4TO M IlepeMeHHas y. Toraa uMeeT MecTo
passoxeHHe

Is(x, y, 2) = lxz, y] + Ix, y2l — [yz, x] — ly, x2].  (6.3)
Mbl XOTHM [0Ka3aTb, 4TO KOMOMHALUA

L=1s(x, 492+ 1y 2 x)+ 150 x, 9 =
= (Ixz, yl — lzx, yl) + (Ix, yzl — [x, 2y]) +
+ (lzy, x] — lyz, x1) + (ly, 2x] — ly, xzl) +

+ (lyx, 21 — lxy, 2l) + (Iz, xyl — [2, yxl) (6.4)

oGpalliaercsi B HyJb. 37€Cb BBeIEHbI KPYIJble CKOGKH, UTOOBI

[I0Ka3aTb, 4YTO BC€ YJIEHbI B L MOXKHO pa36HTb Ha napbl oAu-

HAKOBOH CTPYKTYpHI. Bbl6epeM o;my Takyl napy, Hanpumep
l

[xz, yl—[2x, yl= — LZ T Z S II {du:dvidy (ui — vi)} X
i=1

X {rs (x, 2, U)—ro (2, x, U)} ro—(y, V).

[Mpennonaraercsi, uro ypaBHeHue (3.9) ¢ HHIEKCOM O, 3aMe-
HeHHbIM Ha T, CripaBeJyiuBo npu T << o. [Tosaromy Bropas ¢uryp-
Hasi ckoOKa B NpefbiyllueM BbipameHHH paBHa [, (x, z, U).
[NoacraBnsis siBHOe BhipaxkeHue mJs /., nosydaem

lxz, yl — lzx, yl = llx, 2], yl — lz, x], yl, (6.5)
rue

[Lx, 21, yl=— D 2’,— 52
T4+p=0 a, B

=1 THTr=1
13

% S dU dV dU’ dV'ro (x, U, U") T A (4§ —05) ree (2, Up, V')
1

‘R
L
ke
1

N 8

k

l

x TI A (wi—vi) ro (4, V). (6.6)
1
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3nech coBokynHoctd U u V copmep:kar no [, a COBOKYMHOCTH

U u V' — no k nepemennblx. CyMMHpOBaHHE NPOH3BORHUTCS

N0 BCEM BO3MOXHBIM pa3GueHHsIM CcoBOKYmHoctH U Ha 1Be

B3aHMHO JOMNOJIHUTE/bHBIE NMOACOBOKYNHOCTH Uy M Ug. Cymmbl

10 [ u k copepakar TONbKO KOHEUHOe UHCJIO HEHYJIEBBIX UJIEHOB,

TaK YTO NepeMeHa MOopsifika CyMMHDOBaHHS NOMYCTHMA.
AHaJIOTHYHO MOXHO TOJIYYHTh

[x, yzl — Ix, zyl = [x, ly, 21l — x, [z, yll, (6.7)
rape

% [y Al=— ) Z‘T D

T+p=01 p+p"=p a,B k
l

X 5 dU dV dU" dV'r (x, U) ] A+ (i — v3) X
1

n[ys

3
Xror (4 Va, U) T Av (i —05) 1 (2, Vi, V'); (6.8)
1

3J1Cb MCIIO/Jb30BaHbl TakHe Ke 0603HayeHHs], KakK B ¢opMy-
Jje (6.6).

Bnaropaps cummerpuu ¢GyHKUHH r, (Y, V) OTHOCHTENBHO
COBOKYIIHOCTH IepeMeHHbIX V HeTpyaHo y6eIuThCs B TOM, YTO
B cymme 110 (o, ) B dopmysne (6.6) Bce usieHB! C OXMHAKOBBLIM
YHCJIOM 3JIEMEHTOB B MOACOBOKYMHOCTH U, HAIOT ONMH H TOT XKe

l

l
BKJ1aJ. HoaTOMy CYyMMY 2 MOXXHO 3aMEHUTb Ha Z (l')
o, B 1'=0

¢ Uyg=(u, ..., ur) u Upg= (wr4y, ..., u). Ilepe-
HMEeHyeM IepeMeHHbe CJeNYIoHUM 06pa3oM:
Uty oouy Up == Uy, ooy U,
Uty o vy Upr == Upy oo ey Uy
Upggy ooy Up = Uy o o0y U, l”::l—l',
Uprddy o ovy U = Uy, - ooy Uln,
Ugy oovy Up —> Wy, ooy W,

Upp vevy vi.—»wi, ceey Wy
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M TepecTpouM cyMMbl B (6.6):

{[x, 2], yl=

o

=— D Z 2 D ,’,Jr,f,,:, SdUdU'dVdV'dW/dW/’x
T+p+0=01'=11"=1 k=1
l'

Xre (X% U, Wyro (2, V, W)re (g, U', V') T] As (ui —ui) ¥
1

1 R
X I A+ (v —03) [] A+ (wi —wi).
1 1

Auanoruunasi npoueaypa, npuMeHeHHasi K Benuuune [x, [z, yll,
NPUBOAUT K TOMY XK€ PE3yJbTaTy, T. €.

[x, 2], y] = [x, [z, yll,

OTKyJa HeMeJJieHHO cienyeTt, uto L = 0.
Hs6aBuMcsi Tenepb oT YCJIOBHSI «e» TeopeMmbl 4.3. B p-npo-
crpanctBe i n = 0 ¢opmyaa (3.11) npuHnMaer Buz

-1

Ine(p g)=3) | II {dkd. (k) T2 (pr —K) Fae (4, K). (6.9)

T=1

BenencrBue Hasuuusi MuHoxurtenss 6% (g + Zk;) B pyHKUHH

r - TIOABIHTETpaJIbHAs 4acTb B popmyJie (6.9) orinyHa OT Hy/IA
TOJIBKO TpU ¢ = — Xk;. Ho Bektophl k; Gaarofaps MHOXKHUTe-
asM 04+ (k;) DOMKHBI nemaTb Ha MOJIOXXHTEJbHOH 3Hepreruye-
ckoit moBepxHoctH ki = m?, k;o > 0. Orciona caexpyer, 4to
Juo = 0 Bciony, rae ¢* < (/m)®. Ho B cuny (3.3) u (4.62)
J“G = 0 ¥ HaHHU3IIKH YJieH B J,Lo, He o6pa|.ualomuu0ﬂ B Hy.nb
orBeuaer [ = 2. Orciona caenyer, uto 14 (p, ) = 0 npu ¢* <
<< 4m?, uto U TpeGoBaNOCh JOKa3aTh.

Ocraercst 10Ka3aTb, 4To 4151 QyHKUMU [ 5 (X, Y, Xy, . . ., Xp)
BBITIOJIHEHO YCJIOBHE Ha HoCHTesb «a» TeopeMul 4.3. To obcros-
TENbCTBO, uTO (X — x;) € V4 niu (y — x;) € V4 mist Bcex i,
cyaenyer HernocpeactBeHHo u3 (3.11) u u3 Bupa Hocurens GyHK-
uun r.. OcTtanoch Juib y6eautbcss B ToM, uto [, = 0 aJsd
(x—y* <O
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N3 coorHowenuit (4.9) u (4.10) nonyyaem

Io (X, y,2,..)=1s( 19y, x, ...)+
+I5(x, 2, y,...). (6.10)

IpexnomnoxumM, urto (x — y)? << 0. JleBass yacTb paBeHCTBa
(6.10), cornacHo Toit YaCTH YC/IOBHSI Ha HOCHTEIb, KOTOPasl yiKe
JOKa3aHa, OTJHYHA OT HYJAS TOJbKO B TOM CJydae, €CJu

(x—2) € V4 mmu (y — 2) € V4. s onpenesieHHCCTH GyneM
cuntath, uTo (y — 2) € V4 (mpyroii cayuaii- JoKasbiBaeTcs
COBepLUeHHO Tak Ke). Torma Mbl uUMeeM (z——x) ¢ V., no-
CKOJIbKY H3 YCJOBHHA (z2 — X) € Vi u (y — 2) € Vy caenyer,
uro (y — x) € V4, a 3T0oT cayuyaii HeOGXOLMMO HCKJIOUHTB

no npexnosoxeuuto. Ilosatomy /4 (z, y, x, . . .) = 0, TaK KakK
yeaoBust (z — x) € V4 unu (y — x) € V4 He HMEOT MecTa.
AuanoruunpiM _o6pasom [, (x, 2, y, ...) = 0, mockoabky

HU (x —y) € V4, Hu (z— y) € V, He uMeloT Mecta BCIOAY,
34 uckAroHeruem cosokynHocmu y = z [B caydae (x — 2) € Vi
COOTBETCTBEHHO COBOKYITHOCTH X = Z].

K3  sT0r0  paccMOTpeHHsT  CJIEAYET  BBHIBOL,  UTO
Io(x, 4y, 2z, ...) =0 nmpu (x —y?<<0, 3a BO3MONKHBLIM
HCKJTIOUEHHEM TOUEK X = 2 WJH y = z. Ilpu stom B KauecTBe
riepeMeHHOH z Mbl MOTJIH Obl BeIOpaThb JIOOYI0 MEPEMEHHYIO X;
B byukuuu [, (X, Y, X4, . . ., X,). Takum o6pa3oM, Mbl NpH-
XomuM K BbiBoay: ¢ (x, y, X) = 0 ana (x — y)® < 0, 3a603-
MONCHBIM UCKAIOHEHUeM meX MOoYeK, 8 KOMOpbLX Kakas-aubo u3
nenexeHHbLx x; coenadaem aubo ¢ x, aubo ¢ y. Hano ewe uck.o-
YHUTb 3Ty BO3MOXKHOCTb, HO 3Ta MaJjieHbKasi 3ajauya OKa3bl-
BaeTCsl HCKJIOYHUTEJbHO TPYIHOH.

IMycts X1 u Xg — IBE B3aUMHO JAOMOJHHTEJbHBLIE MOJACO-
BOKYIIHOCTH TI€PEMEHHBIX M3 COBOKYNMHOCTH X = {Xy, . . ., X, }.
PaccMoTpuM TOYKM, B KOTOPBHIX BCe X; € X COBMajamor C X,
a Bce X; € Xg coBnajamoT ¢ y, npuiuem (x — y)2 << 0. Brnonne
BO3MOXHO, 4TO QyHKUMs /4 (%, y, X) B 3THX TOYKaX He paBHa
nymio. OpHako cBoHCTBa HOCHTENSl rq, T < O, TAKOBbI, UTO
HEHYJIeBbI€ BKJaJbl B PYHKIHIO | ; MOTYT JaBaTh TOJbKO YJIEHBI

00 ~l
Iio (%, 4, X)=—i D) = Wize (%, 4, X)— 150 (4, %, X)1. (6.11)

=1
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[lycty g (x, y, X) — JMHeHHOe NOANMPOCTPAHCTBO IpO-
crpaHctBa o (x, y, X), cocTosillee H3 OCHOBHHIX (yHKIMH
¢ (x, y, X) c HocuresieM B ob6sactu (x — ¥)? << 0. Mb1 xorum
JI0Ka3ath, 4To GyHKIMA [ 1 o6paliaercs B Hy b Ha fg. O603Ha-
yuM uepes S (x, y, X) cyxenue byukuuu /. (x, y, X) Ha noa-
npoctpaHcTBo 5. OHO mnpencrtaBiasieT co6oii HempephBHYIO
JIUHEAHYIO GOpMY Ha g, T. €. ABJSETCH JEMEHTOM AYaJbHOro
10 OTHOLIEHHIO K f s NPOCTPaHCTBa 5. DosblunHCTBO XOpoLio
M3BECTHBIX TEOPEM OTHOCHTENBHO NpPOCTpaHCTBA o CrpaBef-
JIUBO TaKXe U JJs NMpPOCTPAHCTBA o5, OBITb MOXKET, C HEKOTO-
PbIMH OUYEBHJHbIMH H3MeHeHHUsiMH. COOTBETCTBYIOIHE JOKa-
3aTeIbCTBA MOXKHO 3aMMCTBOBAaTh H3 OOCYXKAEHHS CJiydas
npocrpaHctBa o . B wacTHoCTH, OCTaercs crpaBemJiMBOH Teo-
peMa o CTPYKType 06001eHHbIX QYHKUMI ¢ HOCHTeIEM Ha HEKO-
topom noxnpocrpacree ([19], crp. 101, reopema 36). Bynyun
NMpUMEHEHHOH K Halllell 3ajaye, 5Ta TeOpeMa I103BOJIsleT ycla-
HOBHUTBb, 4TO S HMEET BHJ

S (%, Y, X)=§Tn(x—y)DXH 8 (x—x:) )U 6 (9 —x,)- (6.12)
L R

3necb D — KoMOMHaUMsl NPOH3BOIHBLIX 110 X; mopsiaka | D |,
T (x — y) € &5 (x,y), a CYMMHPOBaHHE COAEPIKUT JIMLIb KOHEY-
Hoe uucno useHoB. OGosHauuB 0;, = 4/0x}, dopmyay (6.12)
MOXKHO TepenucaTb B Gojiee SBHOM BHJE:

S(x, y, X):ET:,{...u(lxlu?...u&z...ugn(x_y)x
X Oty «ov Opyn y 8 (x—x) []8%(y—=xi), (6.13)
*n Xy, Xp

rge o — KoMOMHauusi HHIekcoB {o, ..., a,}. Beanuuna
pl .

Toal"*" cHMMETPHYHA TIO HMHJAEKCaM NpH (GUKCHPOBAHHOM 3Ha-

YEeHHH i:

i . . .
PR V AL AN FPIPE  A
Ta 1 1 _—_,7‘“ 199 Bo T,

OyHKUMS S HHBapHaHTHA OTHOCHTEJNbHO OrPAHMYEHHOI
rpynnbl JlopeHua. 310 3HauMT, YTO NpH (UKCHPOBAHHOM q
BenuunHa T (§) oOpasyer KOHTpaBapHaHTHBIH TEH30p.
HoxaxeM, 4yTo Takas TeH30pHasi 0606LIeHHast QYHKIUS MOXKET
ObITh MpejcTaBjeHa B ¢opMe INPOM3BEAEHHS] KOBaDHAHTHOTO
MOJIMHOMA 10 § Ha HHBAPHAHTHYIO OGOGLIEHHYIO (QYHKUHIO.
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Jlemma 6.
[Tycts T™' ' "N (E)€ F5 npeobpasdyercss npu rmpe-
o6pasoBanusx JlopeHua A €L] no 3akony
N
THM - Ry (A§)= ].]1 A:‘:Tvi"'vN (g)‘ (614)
i= i
Torna

TH BN (B)=EM ... EMNT (), (6.15)
rne T (B)ESLs u

T (AE)=T (E). (6.16)

Ioxaxem 3Ty JemMmy cHavaja ajast N=1. B stoM ciyuae
GeckOHeYHO MaJjible npeoOpasoBaHHus (6.14) uMeloT Bup

MYTY (8)=T"(E) (cymmHpoBaHHs 110 v HET, W=%v), (6.17)
rae

My =E"0, — 3", (6.18)
gu =g;w§V1 5u=gw0w (6.19)

a g, g —Tensop MunKoBcKoro. 3ameTuM, uTo TeHsop My
onpeleseH M /I PaBHLIX WHJEKCOB, IpHUEM

My= —1 (cymMmupoBaHHsl HET), (6.20)
Tak 4TO

MT, ()= —T"(E) (cymmupoBauus Her). (6.21)
M3 ¢opmya (6.17) u (6.21) monyyaem
T" () =5 MET® (), (6.22)

rle BHOBb HCNOJb3YeTCs OOBLIYHOE YCJIOBHE CYMMHPOBaHHUS.
IToncraBasia Beipaxenue (6.18), nosydaem

T* (B) =4 BT (8) -+ 0T (B), (6.23)
rupe
Ty (®) = 0,7 (8)

T2 (8) = — &TV (§) (6.24)
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— HMHBapHaHTHBE OOCOOIIEHHBIE (YHKLHH.

o cux mop 1OKa3aTesbCTBO OTHOCHJIOCh B TOH K€ Mepe
K TpOCTpaHCTBY ', KaK M K npocrpaHcTBy ofs. Hauunas
C 3TOTO MOMEHTa, Mbl GyJeM MOJb30BaTbCsl TEM, YTO HMEEM
1es10 ¢ 0606IeHHEIME QYHKIMAMH U3 IpOCcTpaHcTBa of s. Jliobas
HHBapHaHTHasi o6oOmwenHas GyHkruus T (§) € s MoxkeT GbiTh
npeicTaBjeHa KaK o0oOlleHHas (YHKUHS HHBapuaHta &2
¢ nomolblo caepytowei npouenypst [28, 29]. IMycrs ocHoBHas
dyukuus ¢ (§) € &s. Onpenenum

o= e (& +7) 0 ). (6.25)

Oyuxuus ¢ (T) IPHHALIEKHUT NPOCTPAHCTBY o M HMEET HCCH-
Tenb B obsmacth T << 0. OGo3HAYUM mNpPOCTPAHCTBO TaKUX
OCHOBHBIX (GYyHKuMH uyepe3d ofs (1). Ilyctb y (§) — dyHkuus
u3 kjaacca C%, npuuem v (t) = 1. Takue dyHKuUHM CylecT-

BytoT. OGoGuieHHyl0 ¢yHKUMIO T (T) Ha nmpocTpaHcTBe s (T)
MOKHO OIpEJeJHTh CJeAylomuM o6pasoM:

(T 1o (@)= (TE |vE e E). (6.26)

Gyukuus y (E) ¢ (82 npunamnexur s (£). C yuerom ompe-
nenenus (6.26) umeem

(TE 19 ®)={T®Ie@). (6.27)

UYepty Han @yHkuMed T MOXKHO Tenepb ONYCTHTb U MEpPENHU-
caTh 3TO PaBEHCTBO XOTS1 M B HEKOPDPEKTHOM, HO B NOHATHOM

BHIE.
T (§) =T (&) (6.28)
U3 ¢topmyaet (6.25) monyuaem
59 (1= 428 (v+5) 0, (B)=
=~ diEp®) 0,8 (+-+1)=

=2 | a8 (t+ e Bn (©).

Ora QyHKuMS NpHHALIERHT Fs(T), ecan ¢ € Fs (E). Orcriona
CJelyeT B HallUX HEKOPPEKTHHIX OGO3HAUEHHsIX

0,T (8% = 28,T" (&%), (6.29)
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rae ¢yukuus T'(7) € Fs sBAseTcss NPOM3BOLHON (YHKIMH

T(7) € &5.
ITpumensis stot pesyabrar K T, nonyyaem u3 (6.23)
Tw (§) = E-T (9), (6.30)
rae
TE)=5Ti®+T;E)=T ) (6.31)

— WHBapHaHTHasi o6oCuieHHast QYHKUHSA B [POCTPAHCTBE Fs.
Tem campiM Jemma 6.1 masa cnydass N = 1 nokasana.
st obuiero cayyasi jemma A0Ka3blBaeTcs HHAYKUued no N,

[penno/sioxkum, uTO 3Ta JieMMa CHpaBejIHBA JJsi PAHIOB
I, ..., N—1. Iycerp a®, ..., a ¥V — npousBo/bHBIE
4-BeKTOpbl C KOBapHaHTHLIMH Kommonentamu a’. Toraa

TN (E):aig e aﬁ)’v'_:)Tui coe by (B

— KOHTPaBapHaHTHBI# BEKTOP, H TO3TOMY €r0 MOXKHO TNpel-
craBuTh B ¢opme (6.30). Otciona cienyer, uro

T BN ()
all) .. .aLN—i)T (cymMupoBaHHS NO [y HeT)
N—-1 g

— MHBapHaHTHas 0600ueHHas GYHKLHS, HE 3aBUCSAIILAS OT My .
(Tenenune 060061eHHbIX GYHKLKI U3 TPOCTpaHCTBa o s (&) Ha cTe-
neid & He TmpexcraBiser TPYAHOCTH, MOCKOJbKY OCHOBHbIE
(GYHKUHH U3 of5 06pallalTcs CUIbHO B HYJb B Touke § = 0.)
Ho B stoM caiyuae

Bie..
=T e (6.32)

-— KOHTpaBapHaHTHBIH TeH3op paHra (N —1) [30], koropsii,
YYUTbIBasi THNOTE3y HMHAYKUHH, MOXKET ObITb 3alMCaH B BUJE

TH1- - BN-1(B)=F" .. EMN-1T (E2). (6.33)

U3 (6.32) u (6.33) Hemennenuo caenyer npeacrasienue (6.15).
-H3 paBencrtBa T (§) = T (&%) Jierko BhLIBECTH

T () =T(9H, (6.34)

T. €. Besikas o6o6iennas oyukuus T (§) € s (E), uuBapuanTt-
Hasg OTHOCHTeNbHO npeobpasoBaHuil rpynnsl L], aBromaTu-
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YeCKH HWHBapHaHTHa M OTHocuTeqbHo PT-onepauuu §— — &
[28, 29]. Umes 310 B BHLy, mosyuaem u3 (6.15)

TH B (=) =(=1)"TH PN ). (8.35)
ITpumensisi 3T10T pesyanaT K BblpaxeHnuto (6.13), Buaum
S (—x, —y, —X) = S (x,. 4, X). (6.36)

OcraBlylOCsl YacTb 3TOH IJIaBbl MBI IIOCBATHM JOKa3aTelb-
cTBY coorHouleHusi CPT-MHBapHaHTHOCTH

S (——)C, —Y, _X) =S ()C, Y, X)' (637)

CpaBnenue (6.36) u (6.37) npuBemeT TOTAa K IKEJaeMOMY
pe3yJibTaty
S(x, y, X)=0. (6.38)

JlokasaresabcTBO CcooTHOLIEHHs1 (6.37) Hesnb3si MpOBECTH
06blYHBIM 00pa3oM, HCXOASI TOJbKO H3 CBOHCTB C-UHCJIOBBIX
060011eHHbIX QyHKIMI g U [ 4. Heo6xoaumo npozesnarb mops-
JIOUHBIA OOXOAHBIA MyTb Yepe3 I'MJbOEPTOBO NMPOCTPAHCTBO .
B Harpagy 3a S5TOT TPYA MBI [OJYYHM, HOMHMO COOTHOLLE-
Hus (6.37), obmee nokazarenbctBo CPT-HHBapHAHTHOCTH pas-
BHBaeMoro 3jiech (popma/ausma.

Hawm notpebytorcss o6o0uieHHBIE 3anas/piBaloline QyHKUHHU
gy, TO3TOMY CJelyeT KpPaTKO pacCMOTpeTb, KakHM o0pasoM
KO3(DULMEHTH HX pa3JIOXKeHHSl g, ; MOXHO BBIYHCJIHUTb
ucxonsl u3 GYHKUHH rs. YpaBHeHHe moJHOTH (2.68) B Teopuu
BO3MYLIEHUH HMeeT BUJ

o-1 1

Guo(X)—gv.o(X)=—i N7 3 | [[{dmdo K'U—V)x
1

1=1 =1
X ga,v(X1; U) g8, 0-<(Xm, V).  (6.39)

[Tpeanosnoxum, 4to Bo Bcex MopslKax T << ¢ Bce QYHKLUH
gy, « u3BecTHH. Torza c¢ momounbio (6.39) MOXHO BBIYHC/HTH
BEJHYHHY g, ¢, €CJIH HaM H3BECTHA BeJHYHHA gy, ¢. HaunHas
C HM3BECTHOH (YHKUHH r,, TaKUM NYyTEM MOXKHO IIOCJI€I0Ba-
TeNbHO BBIYMCIHMTH BCE BEJNMYMHBI g, 5 lcM. cooGpaxenis,
npuBozsimue X dopmyse (2.63)], koroprie paBHbI cymMe GYHK-
LUH ', B HECKONBbKHX YJIeHOB NpaBol uactd dopmydsl (6.39).
CymecrBoBanue yHTerpaso B (6.39) Gyzer nokasaHo B I'Ml. 7.
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BesnunHbl g,,, ; OKa3bIBAIOTCS BeLIECTBEHHBIMH. Torza ¢ nomo-
wplo passoxkeHusi (2.69) MbI MoxeM oOmpexesuTb o. 3. ¢.:

Guo ) =guo(X)+3 7 | du...
=1

oo duygh o (X; U): A% () .. A™ () 2
(6.40)

3aMeTHM, 4YTO B JIIOGOM KOHEUHOM nopsigkKe o OTJIMYHO OT HYJIA
TOJIbKO KOHEYHOE YHCJIO BEJUYHH gﬁ, ¢y TAK 4YTO CyMMa IO l
tbaxmqecxu COIEPKHUT TOJIbKO KOHEYHOE€ YHCJIO 4YJIEHOB.

in

B ru. 2 [dopmyna (2.40)] Mbl BBenn npocTpaHCTBO L
in-cocToOsHMA KOHEYHOTrO 4YHCJa YacTHI, BOJHOBHIE (DyHKUUH
KOTOPbIX — 3TO0 ()yHKUMH H3 NpocTpaHcTBa H,, HenpepbiBHBIE
B cMmbicje 'éappepa. B caenyiomeil ryiaBe Mbl NMOKa)KeM, YTO

BEJHUYHUHBl gf, ; YVAOBJETBOPSIOT cBOficTBY B Teopemsr 2.1.
Orciozna cnenyer, uto dyuxuus G, , onpeneseHa Ha NpocTpaH-

cTBe £ 1 ee muTerpan ¢ ocHoBHOM (yHkuuel ¢ (X) otobpa-

)aeT MpocTpaHcTBo L' B Ly ¢ & < e.

U3 dopmyan (2.44) u (2.50) MBI MOJYYHM cienyiouiee npej-
CTaBJ/IeHHE LISl KO3((UIHEHTOB pasJIoxKeHus nosisi A B T€OpUH
BO3MYILIEHHH

[

As (x)= ) S Tl!-dui coodupdy x

=1
X Ap(x—y) ro (4, U) :A® (u) ... A™ (u,): . (6.41)

HokaxeM cjeytomyo Teopemy.

Teopema 6.2.
CrpaBe[JIUBBl CJICAYIOLWIME YTBEPKICHHUS:

L. tgo [A: (x), Ag—<(y)]=0 npu (x—y)* << 0, (6.42)

o
1:20 Gy, (X), Gy,0-c(y)1=0, ecmu (x;—y;)* <0 ans
Bcex x;€X, y;€Y. (6.43)
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2. CymiecTBYIOT aHTH/IHHEHHBIE onepaTopsl O, onpe-
JeNeHHBlE Ha NpPOCTPaHCTBe L5, oTpaxamolue Ly
B ce6si U YJOBJICTBOPSIOMHE YCJIOBHSAM

o 1 npu 0=0,

go @T(%-r:{ 0 mpi >0, (6.44)

g (D, ¥)* npu 0=0, in

I§0 (612(1)’ 60-1:11’) :{ 0 HpH g > 0’ (D1 ‘I’E«Ze ]

(6.45)

2 @1;'0"‘, T (xi, ey xn) 61:”':

T =0

=G o(—X1 +.vy —xn),  (6.46)

o.0—(2 o o=0, 6.47

‘ —{0 npu ¢ > 0. (6.47)

Onpenenenue G, MOXHO Ha#TH B II. 2.

[lepBoe yTBepikIeHHE TEOPEMBl YCTAHABJIUBAET JIOKaJb-
HocTh moJisi A (X) ¥ aMIyTHPOBaHHBIX 0. 3. 1. Bropoe yTBepxk-
neHne ycraHaBauBaer CPT-unBapuaHTHocTh Teopuu. Omnepa-
Tope ©, — 310 KO3ddHIKeHTH pasnoxenus CPT-oneparopa
O, Beemennoro B ri. 2. Popmynas (6.44), (6.46) u (6.47)
SBJIAIOTCA aHaJoraMM B TEOPHM BO3MYILEHHH oOmux (opMyJ
(2.72), (2.76) u (2.73) cooTBercTBeHHO, a ¢dopmynaa (6.45)
yCTaHaBJHMBAa€ET AHTHYHUTApHOCTb omepatopa ©.

JlokaxeM 3Ty TeOpeMy MO HHAYKLUHU OTHOCHTEJNbHO HOMEpa
0. OueBHIHO, YTO OHA BBIMOJHSETCS B HYJIEBOM IOPSIKE, KOTa

Ao (x) = Aln (x), (6.48)

a 0, — CPT-onepatop cBoGogHoro mojasi Alm(x), npuuem
004 (x) Oy = Ay (—x), (6.49)

02 =1, (6.50)

0,Q = Q. (6.51)

[Tpennonoxkum Tenepp, uyro TeopeMa 6.2 cnpaBenIuBa
BO Bcex nopsigkax v << ¢. M3 ycsoBwuii (6.46) u (6.47) nonyuum

é}h T (X) = g_p, T (_X) (6.52)
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Ilpyroe ciencTBuHe mpennosiaraeMod CIpaBelJHBOCTH TEOPEMb
B HH3LIHUX MOPAAKAX COCTOUT B TOM, UTO

": .
At (x):tzo 0, A™ (—x) Oy (6.53)

npeAcTaB/sieT coOoH K03(phULHEHTH pa3J/ioxeHHs: CBOGOLHOrO
nosst, T. e.

S out out iA(x—y) npu 7=0
St ate={"00 T e

®@yukuuio Gy, ¢, T<< 0, MOXKHO PasJOXHTb B psl MO IO-
asm A, Bynem mcxomuTh u3 passoxenus (6.40) 1151 hyHK-
uuu Gy, <

00

Gue(—X)=3 1 | dUgh«(—X,0): 4™ (@) ... A™ (w):.

=0

Orciona, Moab3ysiCh BEIeCTBEHHOCTBIO QYHKLIHUH g}, ¢, MOMYdHM

S 0uGu e (—X)0w=3 1 3 Sde

Tt Tr=1 l T =1

Xgl-lu'lf (——X U) @1; ...... Ain (Ui) e :61:”"

[ngs

[Tpumenss nocsefoBaTe/IbHO K Ipeo6pa3oBaHHIO peIbIAYIleH
¢opMyabl cootHowenus (6.46), (6.44), (6.53) u (6.52), noay-
yaeM H3 Hee pasJjoXKeHHe

Gy« (X) = 2” > [ dvgi e (—x;0)x

=1

X (1 HAO“t(—u,-):)V,:
1

]
=3 IL S dUgs, « (X; U) (: TT A () e (6.55)
t =t !
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PaccmoTpuM BhIpaxKeHHe
o1

Hyv o (X, V)= T; [Gux (X), Gy,0<(Y),  (6.56)

rne X = {xy, ..., x}, Y =Ayy, ..., Yym}, B TOUKAX, TIE
COBOKYITHOCTb I€peMeHHBbIX X TMOJHOCTBIO NPOCTPAHCTBEHHO-
noJo6Ha COBOKYNHOCTH Y, T. €. BCe IepeMeHHble X; MpOCTpaH-
CTBEHHONOAOOHE! BceM mnepeMeHHBIM y;. Ilpu T = 0 uJseHsl
C MHIEKCOM O B 3TOi (opMyJ/ie He TMOSIBJSIOTCS, MOCKOJBKY
oyskuus G, o (Y) obpainaercsi B HyJb IpH m = 2 ¥ SBASETCS
c-udcJioM mpuH m = 2 B cuay dopmyast (3.5). Ilyers dyHkuuu
Gy (X), Gy (X) npuHamiexaT IBYM CMEXHBIM n-siueifikam
Cy, Cy», TaK uTO
Gy (X) — Gy (X)= —i[Ga (X1), Gp(XR)],

raie Xp u Xp—JBé B3aHMHO JONOJHUTEJNbHbIE MOJCOBOKYII-
HOCTH M3 COBOKYIHOCTH nepeMeHHbXx X. C nomompio TOX-
JecTB SIKOGH MOXKHO MOJIYYHTh

o-11-1

Hu'v, oc— Hp."v, 6"—‘1.1211 121 {[[Gﬁ, -1’ (XR), Gv, -7 (Y)] X

X Ga, T (XL)]+[[Gv, o-1 (Y), Ga. T—1’ (XL)L Gﬁ, T’ (XR)]}

Ho ¢ — v << 0, Tak 4ro BHyTpEHHHE KOMMYTaTOpbl O6pa-
IMAITCA B HYJb MO rumore3e WHAYKUHUH. ITostomy

Hyryy o (X, Y) = Hyry,y o (X, Y) (6.57)

JJIS1 COBOKYNMHOCTH X, KOTOpPasi MOJHOCTBIO NPOCTPAHCTBEHHO-
nono6Ha coBokynHoctd Y. ITockosbKy Jo6ble 1BE n-sueHkH
Cy 1 Cy» MOXHO CB5I3aTh APYT C APYrOM LENOYKOH CMEXHBIX
n- ﬂqeex, TO MOXHO MOKa3aTb, 4T0 (yHkuus H,,, o (X, Y)
B 3THX TOYKaxX HE 3aBHCHT OT 4acTHOro BeiGopa o. 3. m. G,.
AnasiornuHoe yTBepKIEHHE CNPaBEeIJIHBO K JJIs BTOPOTO MEHO-
x)ureast G,, TaK YTO

o—-1 o—-1 _
Hun,o (X, V)= 3 [Re(X), Ro-e (1= 3 [Re(X), Ro-e (V).

(6.58)

Ho dyukuusa R(xy, . . ., x,), T < 0, UMEET HOCUTENb B 06JaCTH
(g — %) €V ..o, (xy— x,) € V4, a OyHKUHS Ry HMeeT



88 T'rasa 6

HocHTeNb B obsactH (x; — X)) EV_, ..., (xy —x,) EV_,
TaK 4TO HOCHTeNb GyHKUMHM H,,, cocperotoyeH B 06/acTH
Xy = ... = X, U aHAJOTHYHO B 0GJAaCTH Y3 = . = YUm.

3o 0606me1-me NOJTYYEeHHOTO paHee pe3yJabraTa o "Hocuene
dyHxuun /g ,.
Beenem Besnmuuny

huv» g (X, Y) = (0 I Huv; cr(Xv Y) IO) (659)

Ha Bpems Oynzem cuutath, yto rpynmel nepeMeHHnXx X u Y
He SIBJISIIOTCSI B3aHMHO IPOCTPAHCTBEHHONOJAOOHBIMH, H BBIYHC-
JIUM BeJHYHHY Ay, o (X, Y), noacraBnsis B Hee passioxKeHHE
(6.40) no in-nosmsim ans dyukuuit G, ¢ U Gy, 5_,. Coraacso
teopeMe Buka, oGblYHbIE NpPOW3BENEHHSi HOPMAJbHBIX MPOH3-
BeJIEHHH : . . . : MOXHO IIPEJCTaBHTh B BHIE CYMMBbl HOpMaJb-
HBIX NpousBeneHuil. B pesysbrare BO3HHKAOT OGbIYHBIE COOT-
HOLUEHHUS MOJIHOTHI, MOAOGHBIE TEM, YTO BXOAAT B NMPABYIO 4acTh
dopmyae (6.39). (OrmeruM, 4to caMH GYyHKUHH g, o NOCTpOE-
HBI TaK, YTO NOCJEJHee BCeraa AOKHO uMerb Mecto.) OkoHua-
TeJIbHO MoJy4yaeM

8

o—1

oo (X, V)= =i - 5 [ dU VK U —V) gl «(X:0) %

-}
et

1=1 =1
X gy, 0-<(Y; V). (6.60)

Ecnu 661 MBI ucxonusiu u3 pasnoxenusi (6.55) no out-noasM,
TO TOJNYYUIH Obl aHaJOTHYHYIO GOpMYJIY

huv,o(x:Y):
1 -1 _
=—i D2 S (VK U V)i, < (X V) Burome (V3 V).
l =1

[Tonb3ysich yenobueM (6.52) u antucumMerpueii Bennuunbl K

K(U—V)=—K'(=U+V),

IoJTy4aeM
' o-1
. 1
b, (X, V=i N1 3 [ dUav x
! =1 "

PaS KI(U—V)éﬁ.t(—X; U)ét, o-r(—Y; V),
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YTO, COIJIaCHO cooTHouweHuo (6.60), ecTh He YTO HHOe, Kak
huv.c(X; Y)=

o—1
=—2 Ol{Gu«(—X), Gyoc(=V)]0. (6.:61)

Eciy ke Tenepb BHOBb MOTpe60BaTh, YTOOH! I'PYINbI [I€pEMEH-
HBiX X U Y ObuH mpocTpaHCTBEHHOMOAOGHBI, TO, MOJB3YsCh
BoipaxkeHueM (6.58), mosyyum cooTHOLIEHHE

2 (0 | [R‘c (X)’ RO’—‘E (Y)] I O):
=—2<O|[Rt(—x), Ror (—Y)1]0). (6.62)

Bynyun npencrasneno B dopme (6.60), OHO SIBJISIETCSI HCKOMBIM
cootHoueHueM (6.37).

TakuM o6pa3oM, Mbl HallLTH HEJOCTAIONlEe 3BEHO MIJs MOo-
CTpoeHHsi (GYHKUMH r, — JOKa3aTesJbCTBO CHPaBENJHBOCTH
YCJIOBHSI Ha Hocutesb «a» TeopeMbl 4.2. [Tostomy ¢yHkuuio r,4
MOXKHO TeNnepb BBLIYHC/IWTBL, KaK Ipeniarajocb, ¥ oHa GYAeT
o6/anath BCeMH HEOGXOIUMBIMH CBOHCTBAMM M, B YaCTHOCTH,
npaBUJbHBIM HocuteaeM. B srom cayuae G, , 1 A, MOXHO
cocYMTaTh HCX0Asl u3 pasnoxenuit (6.40) u (6.41). Oyunkuus

Ry (x4, . ..., x,), onpenesenHass B (6.40), umeer HocHTeNb
(X4 —x)EVy, i=2,..., n U YIOBIETBOPSIET COOTHO-
HIEHHIO

Ra(x7 Y, X)_RG(.’/’ x, X)=
-1
=—i LE}} g] [R:(x, Xr), Ro-c(y, Xgr)l. (6.63)

Ilocnennee yTBEpXKIEHHE MOMKHO JOKa3aTb TEM K€ MYTEM,
KakuM Obl1a JokasaHa ¢opmyna (2.46). 3nech, Kak OGBIYHO,
Xr u Xp — JBe B3aHMHO JONOJHHTENbHLIE TOJACOBOKYITHOCTH
M3 COBOKYIHOCTH nepeMeHHbIX X = {xy, ..., X,}.
PaccmotpuM cootHoureHue (6.63) B Tex TOYKax, B KOTOPHIX
s yactHoro pasouenusi X = Xp |J Xp ZBE€ COBOKYIHOCTH
nepemennbix {x, X} u {y, Xz} NOMHOCTbIO NPOCTPAHCTBEHHO-
nonoGHel. B 3ToM cayyae Bce useHbl B mpaBoil 4acTtu ¢opmy-
Jbl (6.63) obpamaloTcsi B HYJb, 3a UCKJIIOYEHHEM, GbITb MOXKeET,
y/JeHa, OTBEYAIOWEro STOMY YacTHOMY pPasGHEHHIO [Bblpa)Ke-
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Hue (6.58)]. Ho meBasi wactb (6.63) o6paiaercsi B Hy/b B CHITY
CBOHCTB HOCHTEJNT GYHKUUH R ;, TaK YTO M 3TOT KPUTHUECKHH
yJleH Takxe obpamaercs B Hyqab. OTcioza cjefyer, 4T0 COOTHO-
wenue (6.43) nokasaHo AJs yactHoro cayvas G,= R, G, = R,
a B cuny (6.58) oHO crnipaBensIMBO U AJIs1 OBLIETro Cayyasi.

Kak yxe ormedasoch npu obcyxuaeHuu copmya (2.50),
«leamnyTauus» GYHKUHH r (a2 Takke QYHKIMH R) He MeHsier
Hocurensi. [Tostomy u3 cBoiictB Hocutenst Ry (X, y) ¥ TOX-
JIeCTBa

[A(x), A()le=RE*™ (x, y) —RF*™ (y, x)  (6.64)

cJjienyer cooTHouenue (6.42).
O6patumcsi Tenepb K CPT-uacrtu Teopemnl 6.2. Ilpencras-
JeHue Buja (2.64) MOXKHO, B YaCTHOCTH, MOJYYUTh U A5 PYHK-

uuu R (x, y, Xy, ..., X,). Ilocne HEKOTOpPBHIX NPOCTHIX Ipe-
06pa3oBaHUil OHO MPHHUMAET BHJ

ﬁ(x7 ya X)——‘—R(!/, x'l X)"l‘zi_icai---a X

1

X[...[R(Yy, x, Xoy)y R(Xap)l, -+, R(X“z)]‘ (6.65)

Tak ke Kak U BCe aHaJOTHUHBIE ajarefpauyeckHe COOTHOLLe-
Hus, (6.65) cnpaBemJMBO B NMOpsiAKE G TEOPUH BO3MYILEHHH.

W3 u3BecTHBIX CBOHCTB HocuTesst GyHKUUH R, cienyer, 4to R 4
obpauiaeTcst B HyJb BHe obsactd (x — y) € V_. Benencrue

cummerpuu R, (x, X;, ..., X,) OTHOCHTEJIBHO MEpPEMEHHBIX
Xiy + .., Xpn (KOTOpPASsl ONSITb-TAKH CJEAYET H3 CHpPaBeLJIHBO-
CTH TeX Ke ajareGpauyecKUX COOTHOLIEHHH) HOCHTeNb (GYyHKIUH

R, (x, X) u TeM caMbIM HOCHTENb (YHKUMH 74 (X, X) npHHAL-

JeXUT o6sactd (x — x;) € V_ ans Beex i.
Yacrhblit cnyvait ¢opmyasl (2.62) naer

_ o—1
Ro(X)=Ros (X)+1i a?ﬂ Cap 21 [Ga. « (Xa), Gp, o-x (Xp)]=

o-1
=Rs (X) +i azﬁ Cap 121 [Ga. T (Xa)v Gﬁ. 0-1 (XB)] (6'66)

C BELIECTBEHHBIMH K03(dHIMeHTaMH Co 5. O6pa3ys BakyyMHbIE
CpeAHHEe H MOJb3YSiCh H3BECTHHIMH CBOWCTBAMH ONeEpPaTopoB
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0., T<<o [bopmyab (6.44) — (6.47)], nomyuaem
;0(_X):ra ( _X) +i zhcaﬁg (0 l [Ga‘r(—Xa,)y

9y

Gp, o< (— Xp)1|O)=ro (— X)—i azbcaﬁ X
X};(Ollan (Xa), Gp.o—x (Xp)]| 0)=

:ra(“‘X)‘I‘fo(X)_?o(X)v
GTKYyza
M(X) = re (X) — 716 (—X) = — 1o (—X) + 14 (X) =
= — M (— X). (6.67)
Oynkuns M (X) umeer HocuTenb B 06aacTH (X, — x;) € Vi,
i =2,..., n, tak uyro ycjoBue (6.67) orpaHnuuBaeT HOCH-
Teqb M TOYKAMH Xy = Xp = ... = X,. Kpome Toro, ¢byHK-

1 M MHBapHaHTHA OTHOCHTEJBHO Npeo6pa3oBaHKUil U3 TPYNIIbI
Ilyankape, Tak 4to

M(X)=D igz 8% (x1— X3),

rie D — unBapuaHTHBI auddepeHiuanpubiii onepartop. Ho
310 o3Hauaer, uro M (X) = M (—X). Tlocnennee paBeHCTBO
npotuBopeuyut ycjaoBuio (6.67), 3a HCKJOUEHHEM CJydasi,
korna M (X) paBHo HyJ0. ITostomy

o (X) =Ty (—X). (6.68)

M3 paBencrBa (6.68), BelpaxkeHus (2.63) B Teopuu BO3-
MYLIEHUH

Guo (X)=Rq (X)—1i ;ﬂ cap [Ga (Xa), Go(Xp)le  (6.69)
U TOrO K€ BhlpaxeHust nocse fAefictBuss CPT-omepatopa

Gyo (X) =R (X)+i O?E chp[0a (Xa), Gp(Xp)le (6.70)

nosiyyaeM ¢ nomouibio (6.61) Gosree ofuiee cooTHOLIEHHE
P (X) =8un o (_X)»
T. e. ycaosue (6.52) B nopsiike g.



92 Trasa 6

Hakowneu, pokaxewm cyiuectBoBanue oneparopa @, Ompe-
IenuM peficTBue omneparopa O ; Ha Bekrop Q corsacHo (6.47):
0,2 =0. (6.71)

B Gonee o6umeM ciayyae Mbl Onpeesnum

064y (x1) - . . Ao (xn) R=
= 2 A (—x1) oo Agy (—x0) R—

Zoi=o

— 2 2 Og—Ary (1) - .. Arn (xn) Q. (6.72)

=1 Jr;=1
10 onpepeseHne NOCTPOEHO TaAK, YTO

[EA(x) ... A(x,) Bl ,Q =
= [A (—xi) [N A (_“xn)]o-Q- (673)
Bsenem o6o3Hauenme

A (X)= D A (xy)... Az (x5) (6.74)

‘ti=‘l7

H BoiuHcauM ¢ nomompio (6.50) © runoressl HHAYKLUH
T

Z ©.0,_ =0 Boipaxkenue s 0 <1< o
=0

o o
26 B5_0: 4, (X) Q= 21 QA (—X)Q—
T= =

o

T
—_— 2 @0_1@1:_1;’141" (X)Q:Aa (X)Q_‘

=1 1'=1

— 22 QA (X) Q=44 (X) Q— 4o (X) Q=0;

|
T >0 T4+ Te=0—-T

TEM caMbiM JoKa3aHo (6.44) B nopsiike o.
[Tycts B;(Y) umeer Bup (6.74)

B:(Y)= 2 Ac(%) .- A (Ym)- (6.75)

Z =T
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Kak Ham yxe M3BeCTHO, yCJ/OBHE JIOKAJbHOH KOMMYTaTHB-
HOCTH B INoOpsiike o BbinogHsercs. Ilostomy dynkuun Baiit-
MaHa

g
Wo (X1 - vy Xny Yt - ooy Yn)= Tgo (0] A< (X) By—<(Y) ] 0) (6.76)

JoKanbHel. KpoMe TOro, OHH JIOpEHU-HHBAapMAHTHBl M 06/1a-
JAIOT JIOJKHBIMH CTIEKTpaJbHBIMH CBOiCTBaMH. Ilostomy cripa-
BegmuBa CPT-teopema Mocra [13, 14]

We (X, Y) =W, (—Y, —X). (6.77)

(CoBoxkynHocTH X, Y COZIEPKAT NepeMeHHble COBOKYMHOCTEH
X, Y B o6patHom nopsinke.) M3 ¢opmya (6.77) u (6.73) crenyer

(A(X)Q, BY)Qo=(B(—Y)Q, A(—X)Q)e=

—(0B(V)Q,04(X)Qo=_3 (8B (V)Q, B4, (X) Q).

T i=6

Has 1, +7450 c nomompio npexmnonoxenusi (6.45) 3nech
MOXHO NPOCYMMHpPOBaTh MO Ty U Tz H IOJYYUTh

g (0.8, (V) Q, 844y (X)Q) + 2 (4 (X)Q, Booe (V) Q)=

_—_g(At (X)Q, Bor (Y)Q),
HJIHU

S (0:Bo (V) R, Og_dy (X) Q) = 0;

Tem cambiM noxasdaHo (6.45) B mopsiike o.

[TosyueHHBIX Pe3yJbTaTOB AOCTATOYHO I/ NOKa3aTe/bCTBa
cootHouleHui (6.54) u (6.55) B nopsake o. [losromy, moab3y-
sicb ¢opmyaoit (6.52) (cnpaBeiIMBOCTL €€ B NOPSIKE G YikKe
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JIOKa3aHa, HMMeeM

06,(X) 0= 5 {dUgh«X;0)0rx

1 VT =0

!
X I A" (w): ®’l:"'=2 2 S dUgi, v (X; —U)X
i=1 !
1

% [: HAout (;) :]t":

1

1

| _ .

S S @ o[ T -

1 V=0 1

:G_u.cr(—x)3

TEM caMbiM JoKasaHo (6.46) B nopsinke o. Takum oGpasom,
JIOKa3aTesNbCTBO TeopeMbl 6.2 3aBeplueHO.



F'rasa 7
CYIUIECTBOBAHHUE PEHI_EHI/II;I

Hawm npeacrour paccmorperb emie ogHy npo6iaemy, pelie-
HHe KOTOPOH MBI JOJIFO OTKJIAABIBAJ/IU,— NPOOGJEMY CYLIECTBO-
BaHusg ¢yHkuMu [4. s 3Toro Heo6XoQuMO JAOKa3aTb, YTO
pelleHHs 7 s, NOCTPOCHHbIE B MPEAbIAYIIUX IJaBax, YAOBJETBO-
psitor ycaosuio B teopemur 2.1. Ho Ml JokaxeM naxe Gosee
CHJIbHOE yTBEpIKIEHHUE.

BepHemcst k ompepeneHnio npoctpaHctBa Hg, JaHHOMY
B M. 2, MU cjaerka ero o6obuipM. Ilycrb ¢yHKUHH
f (g, ..., Un, Uy, ..., Uy) HEIPEPBIBHBI B cMbicse [ €mbaepa
C HHIEKCOM € IO BCeM IMepeMeHHbIM. DyneM roBoputb, uTO
GYHKUMK f CUIbHO YGBIBAIOT MO NMEPEMEHHbIM H3 COBOKYITHOCTH
U ¥ MeayieHHO BO3pacTalOT MO NEpeMeHHbIM H3 COBOKYMHOCTH
V, ecnu 15t Bcex HeOTpHLATENbHBIX LeNbIX YKces N cyiiecTByer
BeJIHYMHA

. ‘ N
Sy (FIV)=Sup {(AHUP" [I7 (@, -, o) |+
|Al<Ay
lf(ui+a11 cevy un+an, vi+an+17 ey Um+an+m)—‘

+ _f(uil’jiiz-v Um) | ]} (71)

H OHa MOJIHHOMHAJ/IBHO OTPaHHYEHA MO NMEepeMeHHBIM U3 COBO-
KynHoctd V. 3nech Ao — npousBosibHasi, HO UKCHPOBaHHAsI
noJIoXKUTesNbHasi —mocrosiHHas. Hanomuum, uro | A 2 =
= | a; 2. TIpocTpancTBO PyHKIMI, YIOBNETBOPSIOUHX 3TO-
My ycioBuio, 6ynem o6osnauate He (U; V). Tlpu V = 0 310
NPOCTO HCXOAHOe mnpocrpaHcTBo H (U).

I'naBHblfl pe3yJbraT 3TOH IVIaBHl MOXKHO COPMYJIHPOBATh
CJIEIYIOIHUM 0OpasoM.

Teopema 7.1 .

@QYHKUMH gy, g» NOCTPOEHHBEIE B . 3——6, CyIllecTBYIOT
Kak 00oOlleHHble ‘DYHKIMH yMepeHHOro pocta. Kpome
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TOTO, eCJH

F(Ray vovos By Pty vy PBy Gy v vy Qyy Uty « oy Usy gy oo
e W) EH (K, P, Us P, Q V), <,

TO (YHKLHUS

v B
(P, Q U, =TI x(—gy) | dKaP T x(p) x
i=1 i=1
Xgu. U(Kv P1 Q)f(K1 P1 Q’ U1 V) (7‘2)
CYIIECTBYET ¥ IPUHAANEKHUT TpocTpaHcTBY He(P~,Q,U; V)

ons mobbix e’ << e Caysah a =0, B+ y=2us
PacCMOTPEHHSI HCKJIIOYaercs.

Onpenenenne ¢yHkuuu yx maHo B ria. 2 [dopmynsr (2.41)
i (2.42)]. 3aBHCHUMOCTb OT MEpeMEHHBIX p; BO BCEX MHOMKHTE-
JSIX TOIbIHTErpajbHON vactd opmysnl (7.2) cienyer NOHH-
MaTh B CMbIC/Ie 3aBHCHMOCTH OT P; H pi = p;jo — o (p;), a.He
KaK 3aBHCHUMOCTb OT P; H Pjo. L pyTHMH CJOBaMH, WHTETPHPO-
BaHHe N0 P; cjJenyer (paKTHYECKH BBINOJHATH [0 Pi, OCTABJSAS
apryMeHThl p;o NoctosiHHbIMH. BesmnuuHa P~ B (7.2) o6o3Ha-
Yyaer COBOKYMHOCTb NepeMeHHbX (p7, ..., pg). [lopsanok
MepeyncieHHsl pasJUYHbIX apryMeHToB B (GYHKLUHH Eu, o
He CYLIeCTBEH, B YaCTHOCTH MepeMeHHble B; HeoOGsI3aTesbHO
nUcaTh BIEpeAd M T. . TeopeMma crnpaBeijiiBa ¥ B TOM CJY-
yae, KOrJa COBOKYITHOCTH NepeMeHHbIX P U Q mnoMeHsioTcs
pOJISIMH, TaK YTO MHTETPHPOBAHHE NMPOM3BOAUTCS MO MEPEMEH-
HBIM, JIeXKallUM BOJH3U OTPHULIATEIbHOH MacCOBOH MOBEPXHOCTH.

Mtu1 fokaxkeMm TeopeMy METOIOM HHAYKLHH Mo ¢. B KauecTBe
MepBOro 1llara Takoro JO0Ka3aTeJbCTBa YCTAHOBHM OCHOBaHHe
HHAYKIHH: JOKaXKeM TEOpeMY 8 nepeom nopsioke.

Bee @pyHkunn gy, (%4, . . ., X) C OLHUM U TEM XK€ YHCJIOM
apryMeHTOB 7 OJMHAKOBH W omnpexnensioress dopmydnoit (4.6).
B rteopun THnma (u, v) OTIMUHBI OT HYJS TOJBKO W-TOYEUHBIE
GyHKUMH, KOTOpHIE B p-IIPOCTPAHCTBE HMEIOT BHI

gui Pty - -y p) =8 (pr + ... +p) F(pr, .-, P,
(7.3)

rae & — NOJHOCTBIO CHMMETPHYHAs HWHBapHaHTHas ¢opma
crenedd v. HyxHO noKasaTth, yTo 3Ta oGOoOuIEHHas (YHKLHS
oGnafaer CBOHCTBOM, CQOPMYJHPOBaHHbIM B Teopeme 7.1
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Bynem pasnuuarth aBa caydasi.

Hepseui cayuaii: o > 0. HerbipexmepHas 8-byHKuus B dop-
myJse (7.2) no3BoJisieT NPOBECTH HHTETPHPOBaHHE IO NEpeMeH-
HoH ky. B pesysbraTe nosyuaem

TP, Q U, V)= S dR dPfo(R, P, Q,U, V),  (7.4)
rne K={ky, ..., ka}
fo(K, P, Q, U, V)=llx(—qs)Hx(pj) & (K, P, Q) X

X (K, P, Q, U, V)l v - (7.5)
hy=~ Z k- 2 p;— ; ap
W3 cBoiictB  HocuTenst  QyHKuMM ), caeayer, uto fo €

€ He (K, P, P, Q, U; V). TTosroMy byHKIHS [ CYLLECTBYET,
BCIORY HenpepuBHa M NIpH PUKCHPOBAHHBIX NMEPEMEHHBIX M3 CO-
BOKYITHOCTH V GbICTPO YOBIBA€T 1O BCEM CCTaJNbHBIM MEpPEMEH-
HbIM. OnpejenuM BeTHYHHY

=§ | Ap; |2+§ | Ag; |2+§ | Auj P42 | Av; |2
7
¢ TNPOU3BEREM OUEHKY

|T(P~=-AP~, Q+AQ, U+AU, V-EAV)—F(P-, Q, U, V) |<
gS dK dP | fo(K, P, P-4+ AP~, Q--AQ, U4-AU, VI-AV)—
—fo (K, oo o VIIA Syine (fo | VY (1P~ 2| QRHIU )Y

x [ dR ap (14| K PP~

IMocnenHuii HHTErpaJ CYIIECTBYET AJIs1 JOCTATOUHO GOJBIINX M.
Orciona caepyer, uto f € He (P~, Q, U; V), 4to u TpeGoBasoch
JI0Ka3aTh.

Bmopoti cayuati: o = 0. B aTom cnyyae Teopema 7.1 He co-
IepXHUT HHUKAKUX YTBEPKAEHUH OTHOCHUTEJNbHO ABYXTOUEUHOMH
¢dyHkuuu. TpexrtoueuHasi ¢pyHKUUs obpalLlaeTcsi B HYJb B CHIY
cBoiictB (2.41) Hocutenst QYHKUMH ). DTO OTHOCHTCSI TaKiKe
KO BCEM MHOTOTOYEYHbIM (DYHKIHSIM, 32 HCKJIOUEHHEM (YHK-
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Mi, 1 Kotopuix B = 2 u y = 2. Torna dopmyay (7.2) mMox-
HO TiepenucaTh B BHAE

F(P-,Q,U, V)= S dpy dp, dPfo (P, P-, Q, U, V) X
8 v ) B v

><63(2 pi+2‘-|i) 6(2p{+2m(pi)+2qio)=
1 1 1 1 1

= S dpy dPfs (P, P, Q, U, V) §(Q+-0 (p) 4o (ps)), (7.6)
rjae p:{p31 e ey pﬁ}1

4 B
fo(P, ---,V>=Iilx<—qi>I11x(pi>ﬂ‘=<P, P, Q) x
X f(P, P, Q,U, V), (7.7)

B v
p1= —p2—P, p=§ps+§ qQ;, (7.8)
B B v,
Q=2 P42 (P) 42 qio- (7.9)

HHTterpupoBaHHe 10 Py JIErKO BBHINOJHSETCS B YaCTHOM CJlyyae
p =0, Korna o (p;) = o (p2). lnTerpuposanue GpyHkuuH fo 1m0
yrJjiaM BeKTOpa Py npuBoaut K dynkuuu F(w,, P, P-,Q, U, V),
npuHamyexamei npocrpaHctBy H,. Murerpan mo | pg |

MOXHO mnpeo6pa3oBaTb B S wy Vol —m?*do, u B3aTH
wa=m

NoCMeHHH € TOMOIIbIO ocTaBluelics O8-¢yHkuuu. B pesysb-

Tare MOJy4YHM

— 2 0@ —4m) VT —anF (— 5, B, P, Q U, V).
(7.10)
B npennonoxenun e <Y, 3Ta DYHKUUS NPUHALJIEKHT MOpO-
crpanctey H, (P, P-, Q, U; V), nockoabKy npousBeieHue
JBYX GyHKLHH, HenpeprBHle B cMbicsie [énpaepa ¢ HHIEKCOM
€, €CTb ONATb (PyHKLHMs, HenpepuiBHAs no ['éapaepy, ¢ TeM ke
MHIEKCOM.

Taxkoe mnoBeeHHe COXpaHSeTCss IPH MPOU3BOJBHBIX P.
B srom canyyae mpu p, = — p/2 cymma o (py) + o (ps) cra-
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uuoHapHa. s nepemenHol €2, HE COOTBETCTBYIOLIEH 3TOMY
KPHTHYECKOMY 3HAU€HHIO, MHTETPHUPOBAHUE IO Py HE NPHUBOJUT
K KaKHM-JTHOO HOBBIM CHHIYJISIDHOCTSIM, KpOME T€X, KOTOphie
yxke uMetorcsi B pyHkuuu f. Ecan xe Q Haxomutcsi B OKpecT-
HOCTH KpHUTHYeCKOH TOUKH Q (p) = —20 (p/2), TO 3Ty cymmy
MOXHO NpeJCTaBUTb B BHJE

o (p) 4o (p) = —Q (p)-+ 4 (p, p2+%)+
~-usieHBl BBICIIMX TNOPSAKOB IO (pz—{—%) ., (7.11)

rae

Ay (p, Q) =2 (P*+4m) 2 {(pP+-4m>) ¢ —(p, Q). (7.12)

3neck A, npu GUKCHPOBAHHOM P NpeicTaBiasier coGoil moJso-
JKUTEJIbHO OTpeJieJIeHHYI0 KBaApaTHUHYI0 GOPMY OTHOCHTENHHO
q = p2 + p/2. Urobbl NpoOM3BECTH HHTEIDUPOBAHHE MO Pz,
GHMKCHDYEM CHCTEMY KOOpAMHAT TakK, YTOObl BEKTOp P Obif
Hanpas/ed 1o ocd 2. Ilocne 3aMeHbl nepeMeHHBIX

g1 =t (p® + 4m®)Ys,

g2 = ta (p* + 4m?)Ys, (7.13)
2 | 4m2)3/a
Ga=ts (P +2mm )

nosiyuaeM AJsi MHTerpasa no p, B (7.06) Beipaxenue
2 | 4m2)5/4 —
wiim) S a3 (Q— Q-2+
~}-usieHbl BBICIIHX NOPAAKOB 1o £) f' (£, P, P, Q,U, V), (7.14)

rae f' € Hg (...; V). Crapiuue ujieHbl pa3JoXKeHHsI B apIyMeHTe
§-QyHKUMH He OKa3bIBAIOT BJMAHUS Ha NMPHUPOAY CHHIYJISIPHO-

CTH B TOUKe Q = Q M HX MOXHO onycTutb ). MiHTerpupoBaunue
3leCb TaKXKe BBINOJIHAETCS] CHayajJa IO YIJaM BekTopa t,
a 3atem nmo | t|. B pesyabrare momyuaem

— = 21 4m2)%/a P
o(2-¢, )82 O " F (@ b, P, Q,U, V), (1.15)

1) Bosee noapoGHOe OGCYXJEHHE STOr0 BONPOCA MOXKHO HaliTH
B pat6ore [31].
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rie F — wHTErpaJ mo yriam ot ¢pyHKuuu f’, KoTophii, ciaeno-
BaTe/bHO, TaKXe NPHHAIMEKUT NpocTpaHctBy He(...; V)1).
[Tpu p = 0 Met nonyyum dopmyay (7.10). [Koneuno, pyHkiuu
F B ¢opmysax (7.10) u (7.15) pasune.] Cayuaii p = 0 Mmbl
paccMOTpeNH OTAENbHO HEe IOTOMY, YTO 3TO ObLIO HEOOXOIHMO,
a MpocTo B KayecTBe NpHMepa, Ha KOTOPOM MOXKeT GhITb SIBHO
[IPOJIEMOHCTPUPOBAHA CYLIECTBEHHAsl pOJb CHHTYJSPHOCTH
B Touke 2 = Q.

Ocrapunecs B ¢opmyJie (7.6) uurerpans no P He napymaior
NPHHAIJIEKHOCTH TOABIHTETPANBHOTO BEIPaXKEHHs TPOCTPaH-
ctBy H, Kak 3TO HeTPYIHO IIOKa3aTb, HCIOJb3Ysl OLEHKH
TOTO )K€ THIA, YTO U B NEPBOM CJydae.

[Nepeiinem tenepn K 6bictuum nopaokam o > 1. Ilpeanoso-
JKHM, 4TO TeopeMa ClipaBelJiiBa BO BCeX MNopsiakax t << o,
M JOKa)KeM ee CIpaBelyIiBOCTb B MOPsIKE O.

[Tpexxne Bcero Joka)keM CYIeCTBOBaHHE HHTErpaJsioB

l
J(K, P, Q= | dW TT 8, @) & (K, Pr, Qu; —W) X
1

X ’g"; G—‘E(KR’ PR7 QR; W) (7'16)

npu 1 << v << 0 — 1 4 nokaxewm, yTo Bce OHH 06/1a1aI0T CBOH-
cTBaMM, cHOpMYJUpOBaHHBIMH B Teopeme 7.1 nnisi dyHkuui

gy, oo Kak obbuno, K UKg = K, K | Kg =0 u 1. I
Onpenenum ¢yukumio f (K, ..., V) tak ke, Kak B Teope-
me 7.1. PaccmoTpum

!

Ji(KR7 Pg, P_1 Q7 Uy V1 W)':HX(_ql)HX(wl)x

Qr 1

< S dKy dP T % (Pe) & «(Kzy Pr, Qus —W) x

PL
Xf(K’ Pa P‘, Q1 U', V)- (7.17)
I'To rumorese HHAYKUHH CI))/HKIH/]F[ Jl CYyleCTBYET U NpHHANJE-

1) Cnyuyait p 5= 0 MOXKHO TaKKe CBeCTH K 6oJiee IDOCTOMY CJ/yuaio
p = 0, ucnonbays coobpaxkenHsi HHBapHauTHOCTH [21].
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KuT npoctpauctBy Her (Kr, Pr, P7, Qu, U, W; Qgp, V),
e” << &. lasee oOpasyeM (YHKLHIO

LW, P, QU V)=TTx(—4) | dKndPa T 1(p) dW x

QR PR

XH X(wl) gu.o v(Kgr, Pr, Qr; W) X
X J1(Kg, Pr, W, P~,Q, U, V). (7.18)

Muoxurenb H[Qm (w;)]™! MoxXHO OTHeCTH K QYHKUMH Ji,
He u3MeHMB ee cBoHcTB. Torja mo rumnorese MHAYKIHH MOJY-
yaeM, uTo OGYHKUHS Jp; TPHHANJIEKUT IIPOCTPAHCTBY
He (W=, P, Q, U; V), ¢ < &". 1o, B 4aCTHOCTH, O3HAYaer,
YTO CYUIECTBYeT CYKeHue GYHKUUH J, Ha 3HEpPreTHYecKylo
noBepxHocth w; = 0 U oHo npuHamiexur He (P, Q, U; V).
Huaue roeops, cyuecTByer QyHKIHSA

l
Js (P, Q, U, V)= S dw-T[ 6(wi) Jo (W=, P~, Q, U, V)=
1

- S dK dPJ (K, P, Q) f (K, P, Q, U, V), (7.19)

npuHagnexamas He (P, Q, U; V). Otmerum, 4TO yKasaHHoe
cBOHCTBO yHKUUH J O3Hayaer, YTO OHAa — 060OIIEeHHasA (YHK-
LLUSl YMEpeHHOTo pocTa.

Hrak, Mbl JOKasanu, YTO mpaBble YacTH YpaBHEHHUH MOJHO-
Thl (3.9) u (6.39) cymecTByIOT Kak o6oOieHHble QYHKIIMH yMe-
PEHHOrO poOCTa, TaK YTO INOCTpPOeHHe GYHKUHH g U g, o
NpOU3BeNeHHOE B IVl. 3—06, HMEET CMBICJI: ' 4 U g, 5 CYLIECTBYIOT
Kak 00606l1eHHble QYHKIUH yMepeHHoro pocta. Ham nmpencrout
elle J0Ka3aTb, YTO OHH YAOBJeTBopsioT TeopeMe 7.1. [Tockoib-
Ky OyHxkuus g,, ; (P) paBHa oyHkumn ry (P) nuoc cymma
uneHoB Buna (7.16), 415 3TOro JOCTATOYHO 10KAa3aTh, YTO TEO-
peme 7.1 ygpoBierBopsieT (GYHKIHS 7.

HauHnem noka3aTesbCTBO € pacCMOTpeHHsi BhipaxeHus (4.58)
JJ151 GYHKIUY 1 5, HECKOJIBKO NPUCIICCOOUB €ro K HalllUM HbIHEll-
Hum neasM. OnpenenuM GyHKIHIO

;ium (xio e ey xn) = Ci% (X?, WX, LX) x%, (Dxn)o . (720)
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rire 0 << o << 1. TloBropsissi paccyxxkieHusi ri. 4, HeTpyAHO
y6enuTbcst B TOM, YTO MOXKHO NPOM3BECTH 3aMEHY NepeMeHHBIX
X; > OX; BO BceX BcrnoMmorartesbHbiXx GyHkuusax O, f;, px 6e3
HapyLeHHs KaKUX-JTHOO MX CYLIECTBEHHBIX CBOHACTB. 3TO O3Ha-
gaer, 4TO BhipaxkeHue (4.58) ocraercs crpaBeiJIUBBIM U TOTA,
Korga QyHKUuusa {;, 3aMeHeHa Ha QYHKUHMIO {jxe. B 3TOM Cay-
yae Ko:aq)(puLmex-le-R.,D,c 6y1yT 3aBHUCETb TAKKe€, KOHEYHO, OT ©,

1. . RS~ R B nperene o — 0 GyHKUHS €5, NpeBpa-
maercs B (PYHKLHIO

Nis (X3, + ooy X2)=Cin (%2, 0, ..., x7, 0), (7.21)

KOTOpasi 3aBHCUT TOJbKO OT BPEMEHHEIX KOMIOHEHT X;. PyHk-
OHA M; NpuHAAIexuT npoctpaHcTBy Oy (T. €. oTHOCHTCA
K Kjaaccy C® U MOJMHOMHAJIbHO OrpaHHYeHa), TaK YTO IPOM3-
BelleHne 1;/;, cymecrByer. IlTockosnbky mpepen o— O mep-
BOTO 4JieHa B npaBofi yactu dopmyJnl (4.58) cyuiectByer, a Je-
Bas yacTb 3TOH (OpMyJIEl BooOLie He 3aBHCHT OT (), TO Npejed

—~p i
Row= lim RD, Taxxe cymecrByer. B wurore nonyuaem
0->0
ro (X4, oo~y Xp)= lim 2 Niv (X3, ooy x0) Lig (%15 -0y Xn)—
®—+o00 =2

— 3 RRD[[si—x)  (7:22)

| DTSN
HJIH B p-IIPOCTPAHCTBE

;:J(ph ey pn)‘— llrﬂ{z rtcm P)_64(2 l)gﬁgM@D(P)L

H—+00 i=2
(7.23)
rae #p—dopma crenedu |D| u

Fion(Ph ooy pn)= S dqio eas dqnox

><7io(Pio—(71o, P1y «++y Pno— Gno» Pn)ﬁiu (G10s - - -+ Gno)s (7.24)

Nix (Qo) = S dX° exp [_i i x?%'o] Nix (X°).
1
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QyHKLUHIO 1);,, MOMKHO 3amucath Kak (DYHKUHIO TOJBKO PasHO-

CTeH mepeMeHHbX &;=x1—X;, =2, ..., A

Nin (X3, - o, x0) =1ixn (B3, ..., ED). (7.25)
B cuay cBoiters Hocutenst ¢yHkwan [1 — p,l lem. (4.53)]
CYLIECTBYET KOMINAKTHAast OKPECTHCCTb TOUKH § = . . . = &, =

= 0, BHE KOTOpPOH Mjx, HE 3aBHCUT OT X. JY4YHUTbIBaf
HocHTeMb (PYHKUHH [;;, MBI MOXKEM OTCIOJA 3aKJIOUHTh, YTO
IVIS1 TIPOH3BOJIbHOTO (PUKCHPOBAHHOIO KOHEYHOT'O 3HAUEHHS %
pasHoCTh

Ay s ER)=A(x1, ooy Xn) =10 (X)—Zir,-,m(X) (7.26)

HMeeT KOMIIaKTHbIH HOCHTEJb B NepeMeHHbX &;. B atoMm cayuae
¢dynkumio A (E) MoxHo npencraButh B Buge (cM. [19], Teo-
pema 26)

A (E) =% DFp, (8), (7.27)

rze D — COBOKYNMHOCTb KOHEYHOTO uyHcaa AuddepeHnHanbHbIX
oneparopoB, a Fp — HenpepbiBHbIE QYHKIHMH C KOMMNAKTHBIM
HocureseM. [Tostomy dypbe-o6pas A (X) umeer BUI

. n
B(ps o p) =04 pi) G lpyr -y pu)y (7:28)

rne G — uenast GyHKUUS, TOJMHOMHANBHO OTpaHUYeHHAs /sl
BeIECTBEHHBIX 3HAYeHHWH apryMeHToB p;. Takum o6pasom,
¢ynkuns A B CYLIHOCTH COBNajaeT C BblpaxeHueM (7.3).
[loxa3aTesqbCTBO, aHAJOTHYHOE JI0Ka3aTelbCTBY, IIPUBEIEH-
HOMY B CBsI3H ¢ (7.3), mokasbiBaer, yto GyHKUUsS A yIOBIETBO-
psier Teopeme 7.1. CnenoBarenbHo, Teopema 7.1 crmpaBeniuBa
17151 QYHKUMHU 74, €CJHM OHA CNpaBenjuBa IJs QYHKUMH 7 gx.
3aMerHM, YTO MO TOH JKe caMOi NpHYHHEe A-Ipejes1, BBEIEHHBIH
B ¢opmyae (5.35), He paspyluaer Haule JOKa3aTeJbCTBO, IO-
CKOJIbKY OH BJIHSIET TOJbKO Ha YJIeHbl C KOMIAKTHBHIM HOCHTE-
JIEM 110 MepeMeHHbIM Z.

st o6cyxaeHNs1 CBOHCTB PYHKIMUH [ g HEOOXOAUMO HMETh
HEKOTOPYI0 HHGOPMALMI0 O CHHI'YJASADHOCTAX OQYHKUHMH iy
Onpeznenum ¢GyHKIMIO

niE B =M(x o xR) =825, 0, .., xR, 0). (7.29)
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Pasnocte M (E%) —1ix (E%) obnafaeT KOMMAKTHBIM HOCH-
teneM. Mcxolss u3 3Toro ¥ u3 MaciuTabHOH HHBapHAaHTHOCTH
GYHKLUMHE 71i, NOJyYaeMm

Dr;x (B) =0 (|E[THPY, (7.30)

roe (B%? = 2 (E))?-> o0, D — pudppepenunanpHelii onepaTop

nopsiaxa |D| Cnenoaa'renbﬂo, dyHkuus Duj, siBJISETCA HHTE-
rpupyemort, ecau |D|>(n—1). Iro 3HAUMT, YTO (YHKUHA

tx (Qo) Mix (Qo),
rae Qo = {920, - - -, Gno}, paBHOMEpHO OrpanuueHa u (N — n)-
KDaTHO HempephiBHO nuddepeHupyemMa aas moéon (poprI
fy cremenn N =>n. B uactHocTH, (QYHKIHS | Qo 12N Nix Qo)
6yner (2N — n)-kpatHo auddepeHuupyemoii, Tak 4YTO cama
DYHKIMSA 1}, OTHOCHTCS K KJaccy C* BCIOAY, 32 HCKJIOUEHHEM

Hayaja KOOPIHHAT, a BCe IPOM3BOJHBIE 1)ix HA GECKOHEYHOCTH
6bICTPO yGLIBAIOT.

PasHocTb M} — 1N}x €CTh Llenas GYHKIMSA, TaK YTO XapaK-
Tep CUHTyJspHOCTeH (GYHKIHH 1y B Hauaje KOOpPAMHAT Gy1eT
TAaKHM 3Ke, YTOo M y GyHKUHH 7;. Tpe6oBaHue MacuTaGHOM
WHBAaPHAHTHOCTH (QYHKIUH 7); O3HAYAET, YTO B P-NPOCTPAHCTBE

; (MQo) = A5 (Qo) (7.31)
npH 0<7»< oo. Takum o6pa3oM, QyHKUHUS Mi, a 3HauuT,
U (PYHKLHUSA nm PacXojuTCs B Hayaje KOODJHHAT KaK A-(-D,

INostomy dyHKuIMS o Mix B Hauajie KOOPAMHAT BCE €lle DaB-
HOMEPHO OrpaHHY€Ha, HO Yyxke He 006513aTeJbHO HenpephiBHA.
OrmeruM TakKe, uTo GYHKUHUS Mix, OyayuHd ¢ypbe-c6pasoMm
0000IeHHOH (YHKIMH YMEpPEHHOT'O POCTA )iy, CaMa SIBJSETCH
0060011 eHHOH (QYHKIHEeH YMEpeHHOro pocta. DTO 3HAYHT, YTO
CYILECTBYIOT XOpPOLIO ONpejeseHHbie NpaBu/la HHTerPHPOBAHUS
€e CHHTyJsipHOCTell B Haya/le koopAuHar. B siBHOM Buze Ham
3TH npaBu/a He notpebyrorcs. PakTHueckn PyHKUUS M}y, ONpe-
Jie/IeHa He TOJIbKO Ha MPOCTPAHCTBE of, HO Jaxe Ha NpOCTpaH-
cree He. Ilycrs © (Qo) € He 1 BBEIEM NPOH3BOJILHYIO PYHKIIHIO
¥ (Qo) €, npuuem P = | B OKPECTHOCTH Hauaia KOOPAMHAT.
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Torna
Qe (Q0) & (@) =7 (0) | dQuitie (Q0) % (Q0)+
+ [ @it (Q0) 19 (Q) — (0) (@)

31ecb nmepBbli WieH B NMpaBoOil YaCTH CYLIECTBYET, NOCKOJBKY

Nix € . BceaencTBue HenmpephlBHOCTH (YHKUMH ¢ B CMBICJE
Ténbnepa mosyyaeM, Y4TO B OKDECTHOCTH Hadaja KOOpAHHAT

|9 (Qo)— 9 (0) % (Qo) < e | Qo |°.

D10 03HauaeT, YTO MOABLIHTErpa/bHAasi YacTb BO BTOPOM YJ/eHe
pacxonurcs Kak x~™—1-€) a Takas OCOOGEHHOCTb HHTErpH-
pyema.

OYHKUEA 1);5 HMEET BUI
n
Nix (10) -+ Gno) =B (2 3i0) M (qio -+ +» Gro)-  (7.32)
Bxopsmas B 3To BEIpaKeHHe (hYHKUWs 1) ONPEJeseHa Ha MHO-
roo6pasuu 2 gjo=0 M MOMET ObITb IpEICTaBle€Ha B BHJE

N(q10s « - > Gno) = 2Min (—Gaos -+ +» —qmo).  (7.33)

[Tostromy uHTErpas oT PYHKLUMHU 1);, ONSATH ONpeneseH Ha QyHK-
LUMAX U3 NpocTpaHCcTBa He.

BepHemcst Tenepr K o6CyxIeHHIO GYHKIMH Tion [Tyctb
f (K, ..., V) — dynkuusi, BBemeHHas npH (OPMYJHPOBKE
Teopembl 7.1. PaccMoTpuM BeUYHHY

F(P~. QU V)=T11(—q) | dK dP ] 1(py) dK;, dP;dQ;
Q P

X Niw (Ko— Kiy Po— Py Qo— Q) Tia (K K, Py, P, Q3 Q) X
X f(K,P,Q,U, V), (7.34)

TI€ BCIOJY CJEelyeT NMPOHU3BECTH IOACTAHOBKY pjo= pj - (pj).
Ecin BMecTo pjy BBECTH B KauyecTBe HOBBIX INE€DPEMEHHbIX HHTe-
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TPUPOBAaHHSI MNEPEMEHHBbIE p;i~ = pijp— ® (P;), TO BHIpPaKEHHUE
(7.34) nmpumer BUR

P, ... V) =TI (=g | dK aP TL x(py) dK; dP"~dQ; x
X i (Ko— Ky P~—P', Qo— Qo) T1a (K, K, P~ P, Q;, @) X
X f(K, P, P~,Q,U, V). (7.35)

ITyctb %° (p) — dynkuus, obnanamwouiasi cBoHCTBaMH QYHK-
wan ¥ (p) (ra. 2), Ho uMeroinasi 6osiee OGLIMPHBIH HOCHTENb.
OH mno-mpexHeMy YyaoBJeTBopsier ycioBuio (2.41), HO, Kpome
toro, %x° (p) = | B orkpeITOl OKpectHocTH supp ¥ (p). Ompe-

peauM HoByio ¢yukumio fy (P-, Q, U, V) BbipaxeHuem TH-
na (7.35), BBensl B MOABLIHTEIPAJIbHYIO 4aCTh JOTOJHUTEIbHBIH
MHOXHUTEh

v B
@ (P"-, P, Q, Q) =Iil % (— o, —qf)E[x" (Pt (py), py).
(7.36)

Eme omua ¢yukuus f, (P-, Q, U, V) onpenensercs papeH-
CTBOM

F=F+". (7.37)

[TokaxeM, uro oGe GYHKUMH [, U f, 06JafalOT HEOOGXOXUMBIM
cBOicTBOM HenpepbiBHOcTH nmo [énbnepy. Haunem c¢ Gosee

npocroro caydas ¢yHkuuu f,. IlpousBenenue

[x(—ap[lx 1 =D (P~ P, Q, Q1  (7.38)

B OKpecTHoCTH P'~= P~, Q; = Qo obpamaerca B Hyab. 10

CNpaBeJInBO, B YAaCTHOCTH, B CHHTYJNSIpHON TOUKe (PyHKUHH 1),
KoTOpasi, TakHM o06pa3oM, OKa3biBaeTcsi HeCyIIeCTBEHHO:

He W3MEHsisl 3HAUeHHs BYHKIUHH Fa, MOXHO 3aMeHHTD yHKILHIO
n dyHkuued n° u3 Kiacca C™, coBnajaiomeil ¢ gyHKuHed 1
B° Hocurtese OGynkuun (7.38). ®yHKuus n° GhicTpo yGbIBaer
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no nepemesunsiM K, P'7, Q, korna nepemenssie Ko, Qo, P
(HKCHPOBAHHL. CJIEI[OBaTeJIbHO,

| dK; P Qg (Ko—Kiy P~— P, Qo— Q)
% Tio (Ko K, P, P, @3, Q) [1— @ (P, P, @}, Q)] =
=8 (S b+ pit+ D 0) g (K, P, Q)

rue g— MOIMHOMHA/IbHO OFpaHHYEHHAS C>-dpyukuusi. PyHk-

s nm onpezessercsa yepes3 (PyHKIMIO 1 N0 aHAJOTHHU ¢ dop-
myJoit (7.32). OcraBuuiicsi HHTErpaJ

Fo =TI (=) [ dKdP T (p) 8 ( 3 st Doy + 3 45) %
xg(K,P,P,Q)f(K,P,P,QU,YV)
cyliecTBYeT M o0O6JajaeT OMXKHIAeMbIMH CBOHCTBaMH, B YeM
MOXHO yGEeIUTBhCS C MOMOLIBIO T€X Ke apryMeHTOB, KOTOpble
Obl1M MCIOJb30BaHb! BhILLE B caydyae ¢ = 1, Tak Kak Ipou3Be-
neHue gf oGnagaer TeMH e CBOHCTBaMM, 4TO M caMa (yHK-
us f.
[lepexomum k ¢yHkuuu fy. Ilocse 3ameHbl nepeMeHHBIX
Ko— K, — Ko ®yHKuHS f; npHHUMaeT BHJ

Fo=TI%(—q0) | dKodK dK;dPdP™~ dQ; T[ % (ps) X

X TT x (pi 4o (pi), pi) I %° (—gior — i) X
X Nin( — Koy P~—P"~, Qu— Q) [is (K, K, P"~, P, Q;, Q) X
X f(K(')—KO» K, P’ P-y Qy U1 V) (7.39)
Hmeem

IIx (p) f (K, — Ko, K, P, Q, U, V) €

€ H (Ko’ K, P, U; Q, Ko, P’-, Q(,v V).
Orciofa, COMVIaCHO TOJyYEHHOMY paHee pesyJbTaTy, JOKasbl-
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-~

BaIOLIEMY CYLIECTBOBaHHE GQYHKUHH [;,, YaCTHUHBIA HHTErpal
']1 (K07 P,—7 Qu;a PF7 Q1 U) V) ’—_IIXO(—(}’%o: _—ql) X
x | dK;aK aP T x(p) TT 2 (b0 (91), 1) X

X Tio (Kén K, P,-a P’ Q('n Q)f(K;_Km K, P1 Q1 U1 V)

npuHagiexur He (P'~, Q;, P~, Q, U; Ko, Qo, V). YMHOXeE-
Hue ¢yHkuuu J, Ha Ily (—¢q;) npuBoaUT K PyHKUUH

J2 (KO’ EECEE) V) EHB(P‘_’ Q:)’ P—v Qv U1 KO’ V)'

Takum o6pa3oM, ocTaeTcs HCCAEIOBaTb BbIpaxkeHUe

f; == S dKodP,_dQ(’)ﬁin(“—KO, P__P,_7 QO_Ql;) X
X JZ (KO'I P,_1 Q(In P_v Qa U’ V) (7'40)

3ameTuM, YTO NpH (PUKCHPOBAHHBIX NEpeMeHHbIX V moabiHTe-
rpajsbHoe BhlpaxeHue B (7.40) GeicTpo yObiBaeT Mo BCEM Ha-

npasieHusM. [TostoMy noBenenne ¢yHKUHM f, npu GeCKOHeY-
HBIX 3HAYeHHSAX apryMEHTOB He NPEACTaBJseT HUKAaKHX Npo6-
JeM, U Mbl MOXEM COCDEIOTOYHTbCS Ha J[0Ka3aTesJbCTBe ee
HenpepuiBHOCTH B cMbicsie ['énbaepa ?).

Mpr yxke ormevanu, yto oGoOLIeHHAss GYHKLUS 1);, ONpe-
JeJeHa Ha OCHOBHBIX (YHKLHSX, HENPEpHIBHEIX B CMBbIC/IE

['énbaepa, Tak uro GYHKUMSA fy onpeneseHa ajs BCeX 3HAUEHUH
CBOMX apTyMEeHTOB.

Bxopasimei# B QyHKUHIO 1);5 B BHIE MHOXHTES 8-pyHKuUMeH
MOXKHO BOCIOJIb30BaThCSl JJIi TOTO, UYTOOB! BHINOJHHUTH OJHO
M3 HUHTErPUPOBAHHKI: HHTErPUPOBaHHE MO Ry mpH oo > 0 uau

1) Mb Bnpefb He GyleM paccMaTpuBaTh NoBefieHHe GYHKIMil Ha
6eCKOHeYHOCTH, TaK KakK nojo6HOe pacCMOTPeHHe JIerKO NpOBEeCTH
BO BCeX HEOOXOAHMBIX CJyYasiX M OHO BCerja NPHBOJAHT K KeJaeMOMY
pesyJbTarty.
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MHTErpupoBaHue 1o gy, npu o = 0, B, y = 2. B mobom cay-
yae Mbl M0J1y4aeM BbIpaXKeHHe CJeAyIolell CTPYKTYypHI:

F(%y, .oy Xny Yty -+ oy Ym) =
= S dzy ... dz,dw, ... dws H (xy — 2z, ..., Xn — 2p,
Wy, .+ ..y Wy X
X F Xy, ooy Xny 2ty o« oy Zny Wy « o o\ Wsy Yty - - «y Ym)e
(7.41)
3nech x;, . . . — NepBOHaYasbHbie IEPEMEHHbIE P, §;y U T. A.,

nepeo6o3HayeHHbIe COOTBETCTBYIOIUM 06pa3oM; H — dyHKUuSA
1Nix, BbIPaXK€HHass uepe3 COOTBETCTBYIOLINE NEpPEMEHHbIE, NpH-

yeM 3Ta PYHKIHUS 1iy 06/1afaeT CBOACTBAMH, PacCMOTPEHHBIMU
Boiile. Pynkuusa F HenpepbiBHa no ['énpaepy ¢ UHAEKCOM €
N0 BCeM IMepeMeHHbIM H ObIcTPO yObiBaeT B COOTBETCTBYIOLIUX
HalnpaBJeHuAX, Tak 4yto HHTerpast (7.41) Ha GeCKOHEYHOCTH
cymectByeT. Mbl XOTHM J0Ka3ath, 4To GYyHKUHS F HenpephiB-
Ha o I'énbaepy ¢ uunekcom &’ << e. JlokasaTesbCTBO sIBJsiETCS
o6obuieHHeM JoKasarenbcTBa TeopeMmbl Ilnemensu — Ilpusa-
JioBa, NpHBeIEeHHOro B MoHorpaduu [22] (pasmenst 9 u 10).

Ilycts pyukuus P (X, W) €D (1. e. C® U ¢ KOMIAKTHBIM
HocuTesieM), NpuyeM P = | B OKPECTHOCTH Hayajaa KOOpIH-

nar. IlpeacraBum dynxuuio F B BHAe CyMMBI

1

1—::

~

'y + Fa, (7.42)
rie

F, (X, Y) = S dZ dWH (X — Z, W) x

_ XP (X —2Z, W)F(X,Y), (745
(X, Y) =
— SdZ dWH (X — Z, W) G (X, Z, W, Y), (7.44)
npuyeM
F(X,YYy=F(X, Z, W, Y) |z—x, w=0, (7.45)
G(X,Z, W, Y) =
= F(X,Z, W,Y)— (X —Z, W) F(X,Y). (7.46)
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B ¢yukuuu Fy BMECTO 2; BBEEM NepeMeHHbIe HHTerpHPOBaHHS
x; — 2;. Torna

FL(X,Y)=F(X,7Y) S dZ dWH (Z, W)y (Z, W).

Hurerpan cymectByer W HE 3aBHCHUT OT nepemeHHbix X u Y.
®yukuns F (X, Y), oueBuano, HempepmiBHa no Iémbaepy
C HHIEKCOM &, a 3HAYHT, TO XKE CaMoe CIPaBeJIHBO Al PYHK-
uuu Fjy. _
O6parumMcsi Tenepb K QyHKIHU Fa ¥ PaCCMOTPHM
DX, Y, AX, AY)=
=F, (X +AX,Y +AY) —F, (X, Y) =
= S dZdW {H (X —Z + AX, W) G (X + AX,Z, W, Y +
+AY)—H(X—Z, W)G(X, Z, W, Y)}. (7.47)
Beenem Bennuuny A% = | AX |2 4 | AY 2. PasoGbem ¢yHK-
umio D Ha pgBe uwactu: D = D, + D,, rne Dy — uHTerpan
Buaa (7.47), B3steifi noobmacti R2 = | X —Z P+ | W P <K

<< 4A4%, a Dy — TOT XKe MHTErpas, B3sTHIA No obnactH R? =
= 4A*%. PaccmotpuM cHayajta (QYHKUHIO

Dy = —Dy + Dy,
rue
Dy (X, Y)= S dZdWH (X —Z, W)G (X, Z, W, Y),
Rr<24

a ¢ynkuus Dy, uMeer aHa/JOTHUHBIA BHI C 3aMEHOH NepeMeH-
Heix X, Y na X 4+ AX, Y 4+ AY B nogpiuTerpasbHoM Bbipa-
JKEHHH, HO He B r1ipeienax uHTerpupoBaHus. IlocKoabky
G (X, X,0,Y) = 0u ¢dynkuus G HenpepbiBHa B cMbicae [€b-
Jepa, umeemM;
IG(X7 Z’ W’ Y) I<M(X1 Z’ Wv y)x

X(| X —2Z% |4 | W |»e/2, (7.48)
rae QyHkuus M NOJIOKHUTENbHO OnpejeseHHasi, HelpepbiBHAS

u xopouio cebs1 Beier Ha GeckoHeuHocTH. PyHkuus H npu
X =7, W =0 wumeer cunryaspsHoctb mnopsizka (n - s):

H=(|X—ZP+|WpP) "2 0(X—2Z, W), (7.49)



Cywetmeosakue  peiueniuds 58!

B i e e e e

rae ¢yHKuus [ Bclopy orpaHuuyeHa H HeNpepbiBHa Be3le,
KpoMe Hauajsa KoopauHaT. C yueTtoM 3THX CBOHCTB noJydaeM
HEPaBeHCTBO

| Dy | << S dZdW|F[lM(|X—Z|2+|u'/|2)(n+8-s)/2<
R<24
<G (X, V)A®

npu A — 0, rpe C — NOJOXKHTEILHO ONpefieJieHHasl HeNpephiB-
Hasi YyHKUHMS. AHAJOTHYHYIO OLEHKY MOXHO IPOBECTH IS
¢dyukuuu Dy, TaK uto GYHKUMA D; OKasblBaeTcs YJOBJIETBO-
psiloLiel 0XHAaeMOMY HEPaBEHCTBY C HHIEKCOM €.
®yukuuio D, Mbl padobbeM Ha fABe GYHKLUHH NO-APYromy:

Dz = D21 + Dzz,
rjpe

Dy = S dZ dWH (X —Z, W) x
R>2A

x{G(X+AX, Z, W, Y +AY)—G (X, Z, W, Y)},
Dy — S dZ dW {H (X —Z+AX, W)—H (X —Z, W)} x

R>2A

XG0 (X+AX, Z, W, Y LAY).

s D,y Mbl BocniosibayeMcst dopmydioit (7.49) u HepaBeHCTBOM
|G(X +AX, Z, W, Y + AY) —

—GX,Z, W, Y) |<AM (X, Z, W, Y), (7.50)

rie M’ — HenpepbiBHast ¢yHkuusi. B pesysbrare mnosyuum
HepaBeHCTBO

Dul<A® | dzaw

R324

|A | M <
(1X—Z AW oz =

<C' (X, Y)A4e|log 4|,
B KOTOPOM HHTerpaJs npu A — 0 pacxoautcs JorapuMUUECKH,
a ¢ynkuus C’ HenpepuiBHa. OnHako npousseenne A° | log A |

npu Madbix A MOXKHO MaXopHpoBaTh ¢ momowbio A° mpu
nooom &’ < e. [lostomy dynkuus D,y naer B F, BKJIal, Hempe-
pbiBHBI 10 ['énbaepy ¢ uHAEKCOM €',
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Hccnenyst dyukunio Dy, 3aMETHM, YTO €CJIM IepEMEHHBIE
Z, W u3MmeHsitotcst B 06/1aCTH MHTETPHPOBaHUs, TO QyHKUUA H
Ha unrepane (X — Z 4+ AX, W), (X — Z, W)| orHocurcs
K kJaccy C®. IIpuMeHuM Tenepb TeopeMy O CpefHeM

HX—Z4+AX, W—HX—2, W)=
= AX-grady H(X —Z, W),
e X nexutr Mexkny X u X + AX. ®ynkuus 0,1 (X —Z, W)

rlpl/IHaIlJIe)KI/IT KJ1accy C* Bciopy, Kpome Toukd X = Z, W/ =
= 0, B KOTOpOH OHa 0O6JaJ@ET CHHTYJSAPHOCTBIO HOpPSiIKa

(n+s+ 1)
o H(X—Z, W)y=R™" " 'H;(X—Z, W). (7.51)
3neck QyHKUHSA f{i BCIOJY OrpaHHueHa U HeNpepblBHA Be3le,

kpome Toukn X = Z, W = 0. B c6iactH HHTErpUpOBaHUS
MeeM

1X—Z)>| X —Z|—| X =X |>]|X—Z|-A>
>|X—Z| -5 |X—Z|=5|X—2Z|,
H C NOMOLIBIO 3TOT0 HepaBeHCTBAa NoJy4aeM U3 ¢dopMy.bl (7.51)
|0, H(X—Z, W)|<2""R" " H(X—Z, W)|.
STO HepaBeHCTBO BMeCTe C OLEHKOH (7.48) NMpUBOIMT K YCJIOBHIO
Dyy |< A 2" S dZ AWR™" 1 SV Hi (X —Z, W)| x
R>2A i

xM(X, Z, W, Y)<C"(X, Y)A®

nguy A— 0, rne C” — HenpepbiBHAsA (PYHKLHS.
[lenyyeHHBlt pe3y/bTaT 3aBeplUaeT J0Ka3aTelbCTBO TeEO-
pembt 7.1. Kak y»Kke oTveuascCh B XOJ€ 3TOrO JOKA3aTeJECTEA,
CJIeJICTBHEM JaHHOH TECPEMBbl SBJAETCA CYLLECTBOB: HHE WHTE-
rpajioB (3.11) u (6.39). Kpcme Toro, ycnoBue B Teopemnr 2.1
TakKxe, OuYeBHIHO, caenyer u3 Ttecpembl 7.1. Ocraercsi yGe-

IUTBCS B TOM, YTO BBIpaXKEHHE S dXG,, « (X) ¢ (X), ¢ € F,

onpenesienHoe B (6.40), onpeneneno Ha Lg M OTOOPANKAET 3TY
o6nactb B Lo



Cyujecmeosanue pewenuti 113

Ilyctb

o= SII 2(:",,') FPYA™ (py) ... A™ (p)Q, (7.52)

npHYeM f€ H..
B p-npoctpaHcTBe ypaBHeHue (6.40) mpuHMMaeT BHJ

2n)

S dKG,, s (K) ¢ (K) = 2 g dK dPy (K) x

X gho(K; —P): A™(py) ... A™(p). (7.53)

Arot psif o6pbiBaeTCsl HAYHHASI C HEKOTOPOTO KOHEUHOTOo HOMe-
pa. IloatoMy JocTtaToyHO paccMOTperb KaKoH-HUOYAb OJUH
yJieH paja; [-# uieH psna, JeHCTBYs Ha ¢, NOPOXKAAeT BEKTOP
C KOMIOHEeHTaMH, cojepxawumu a— I, a—1[ + 2,

. ., a + [ in-yactui. COOTBETCTBYIOLHE BOHOBLIE YHKLHH
npejcTaBJsOT co60# CyMMbl 4YJ/IEHOB BHAA

Z(Qur «eer Qas Gl ooes q,’;)zconstSdePdQ‘x

Yy a
x T18+ () T 8 (45) s, o (K; —P, Q) @ (K)f(P, Q). (7.54)
1 1

OueBupno, uto ¢f € He (K, P, Q', P~, Q), orKyza ¢ nomouibio-
TeopeMbl 7.1 MOXHO TNOJIYYHTb, YTO éE Hg, & <&, uto u
Tpe6oBasioch 10Ka3arh.

B cayuae passoxenus (6.41) pis nons Ay (k) nomwiHTe-
rpajbHble BbhIpaxeHus B gopmyJie (7.53) comepikar ele «aeam-
nyTHpylowmuity MHOXHTeNb (k* — m? — ikoe)™l. Mbl MoxeM
IpeCTaBUTh €r0 B BHJIE

1 _ X (%)
k2—m2—ikee ~ k2—m2—ic +
; X(—
aa kz—mz-{-te

+C%-pynkunn  (7.55)
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Ilocnennuit 4ieH, oueBUAHO, He NIPHBOAUT K KaKHM-JIHGO TPY.-
HocTaM. OcTasibHBlE [Ba Y/J€HA CKOHLEHTPUPOBAHEI B OKDECT-
HOCTH MaccoBoH noBepXHocTH. PaccMoTpuM, Hampumep, mep-
BBl UJIeH W ero BKJaj B uHTerpas tuna (7.54). Murerpuposa-
HHe 10 BCceM NepeMeHHbIM, KpoMe k™, MPHBOIMT B CHJIY Teope-
Mbl 7.1 K GYHKLMY NepeMeHHOH k2 ~, HenmpepbiBHOH no ['énbaepy,
a uHTerpas or Takoil ¢yHkumu ¢ (R~ — ie)™! cyuwecTsyer.
AHaslornuHoe paccyKIeHHe NPUMEHHMO KO BTOPOMY YJEHY.
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[MEPEHOPMHUPYEMbBIE TEOPHUU

Bepuemcsi Tenepb K o6CYKIEHHIO T€X HeompejleseHHOCTel,
KOTOpbi€ OCTAaloTCsl Ja)ke IMccJjie MpUMeHeHusi TpeGoBaHus Jio-
KaJIbHO# peryJisipHOCTH, BBeE€HHOro B Iii. 5. OueBHAHO, HHTe-
PECHO 3HaTb, KAKOBAa TOUHO HEONpENeJEHHOCTb B JAHHOH KOH-
KpETHO# TEOpHH, T. €. B TEOPUH JaHHOro Tvna (W, v) 1).

CornacHo pesyJbraTtaM IJ. 5, HeompelejeHHOCTb B (YHK-
UHH rg (X, . . ., X,) YHCJEHHO OIpEJeNsieTcsl €e S-CTENEeHbIO
SD (rg) = d (n, o). Hcciienyem Tenepb aTH S-CTENEHH.

‘Teopusi Tuna (u, v) xapakrepusyercs oGpallleHHEM B HYJb

Bcex (yHKUMA nepBoro mnopsaka ry (xg, ..., X,), KpoMme
p-toueyHoH GyHKuuu. Ilostomy ‘
d(n, 1) =00 mpu nzp. 8.1)

dyukuua ry (pg, . . ., Py) HMEET BHI
1Py e P)=84 (2 1) F (P), (8.2)

rae 5‘—q)6pma CTeNneHd v, TaK  YTO
7L (AP) = A4V, (P). (8.3)
[Toab3ysicy onpenesnenneM (5.5) B p-npocTpaHCTBE, MOJydyaeM
d, ) =—4@—1)—w (8.4)
Jas paccMOTpeHHsl BBICLIMX NOPSIAKOB NOJIE3HO MOKa3arth,
4TO noBejeHHe QYHKIHH 7 ¢ (?»p,,’v. . ., Apy) pu A — 0o TecHo
CBsi3aHO C nosejeH’eM QYHKUHH 7y (Py, . . ., Pp) NPU M—> 0O,

T. €. ¢ npo6yieMoil nHppakpacHbX pacxopumocreii. I1s aToro
JOKaXeM CJeNyIOIyIo JIeMMY.

1) Onpenenenue THna TeopHu cM. B ri. 4, dopmyna (4.6)
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Jlemma 8.1.

Ilyere 7 (x4, . . ., X,) — 00OOLIEHHBlE  (YHKUHH,
YIOBJIETBOPSIIOLIYE NPEANON0XKeH!AM TeopeMnl 2.2. Torpa
dyHKIMH
rr (%15« s Xp) =

=A% Ay, ..., Al,), O<<A <<oo, (8.5)
TaKXe YAOBJIETBOPSIIOT NPEANOJIOXKEHUSM TeopeMbl 2.2,
HO C 3aMeHOil Macchl m Ha mA~L,

CoorHoiuenue (8.5) B p-npoCTpaHCTBE MMEET BHJ
™ (Pay - - oy Pr) = AT Apyy -« ., ADL). (8.6)

OueBuaHo, uTo QYHKUMH rd ynoBjerBopsiior yciaoBusM A, b
u B teopemnr 2.1, npuuem ycnoBue B, kKoneuno, caenyer ¢op-
MYJIHpPOBaTh JJ1si HOBOM MaccoBo#t 060/ouKu p? = m?/A%. UTo6bl
y6eIUTbCA B TOM, 4TO QYHKIMH M SIBJSIOTCS pellleHHsIMH ypaB-
HEHMH IOJHOTHI ¢ Macco#t m/A, ucnonbdyem ¢opMy (2.35) aTux
ypaBHEHHH B p-NPOCTPAHCTBE H OTMETHM, YTO

8, (Me; m)= e(ko)a(mkz—mz)_
—x—2e(ko)6(k2 ) x—2a+(k; ﬁ[‘)- (8.7)

OcTa/jibHble BBLIYMC/IEHHS] COBEPIIEHHO TPHBHAJIbHBL.
YcnoBue HOpMHPOBKH (2.58) mocse mpuMeHeHHs: mpeobpa-
3oBaHuA (8.6) ocraercsi BBIOJHEHHBIM:

P (p, ) =124 (4p+1g) { 5 (Mg — m?)+
+ (Mg — mF (Mg} =
1 2 242
=80 p+0) { o (P —2) + (2 —2) P @), (88
rie dyukuus F* () = A?F (Ag) aHanutuuHa B o6nactd ¢2 <
< 4mP/A%,

IIprMeHuM 3Ty JIeMMy K Teopuu Thna (, v) U3 dopmyJinl
(8.2) monyuaem

™Dy .. p)=AT180 (DI p) & (P). (8.9)
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HanomHuM, 4TO B pa3JioXe€HHH TeOpUH Bo3MyleHHH (3.1)
IJist GYHKUHMH r 4JleH r; BXOJUT C MHOXHTeJeM, PaBHBIM KOH-
crante cBA3H g. Onpenenum

: -4
gn= g\, (8.10)
TaK 4YTO )
g (ps o P)=& (X p:) & (P, - .-, pu)=
=g;~f1(p1, ceny pl")' (811)
IocTpoeHuss mpeaplAymuX IJ1aB Mbl MOXKEM OCYLIECTBHTD
JUIsT Macchl m/A BMECTO m M TlapaMerpa pPasJioxKeHusl gy BMECTO
g, npuueM ¢yHKuus ry Buga (8.2) ocraHercss TOH e caMoOM.
TlosyueHHyi0 Ha 3TOM NYTH QYHKUMIO THNA ¢ Mbl 0GO3HAYHM
yepes| % (P). AHaJOrHYHBIM o6pa3oM omnpenesuM Ih THs
u T. A. Ilo onpenenennio, GyHKIHSA
rM(P) =ry (P) (8.12)

He 3aBHCHT OT A. M3 ¢opmy.nt (8.10) u Jemmb 8.1 nomyunm
B KayecTBe BO3MOXKHOIO pelleHHs B BBICLIHX NOpSIAKaX

TR Dy vy PR) =AWV Gy oLl ApR). (8.13)

UTto6bl onpenenuTb s-cTeneHb QYHKLUHH rg, CJAENYET BHISC-
HUTb XapakTep noBefeHUs] QYyHKUMU A*"r; (AP) mpu GoJbLIMX
A. Bcnenctue (8.13) 3TO 3KBUBa/IEHTHO HCCJ/IENOBAHMIO Ipe-
Jiesia Ipu A — 00 BbIpaXKEHH$

3 —-4)=A
A oty )rO (ph e ey pn)

HetpyznHo BuaeTh, uTO
d(n,0)=—3n—o(m+v—4) (8.14)

NpH YCJOBHH, 4TO npousBeienue A~°7% (P) ocraercst orpaHu-
YEeHHBIM NpHU Iepexoje K mpegeny A — oo pisi mo6oro § > 0.
Ecau QyHKIHNSA 7y PaCXOIMTCS NPH A — 00 KaK A B HEKOTOPOH
creneHH uid GoJiee CHJIbHO, TO oLeHKY (8.14) cienyer coorBer-
CTBYIOIIHM 006pa3oM H3MEHHTb.

OyeBHAHO, YTO BONPOC O CXOAHMMOCTH HJIM PacXOXMMOCTH
lim A~%r% cBsisan ¢ mnpoGiemoit HMH(PpaKpacHbIX pacXxomuMo-

A—o00

crefl, BO3HHUKAIOUIHX, KOrja Macca m/A CTpeMHTCs K HYJIO.
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Sty npobseMy Mbl pacCMOTPHM B jAasbHefimem. Mbl mokakeM,
4TO B NpOCTpaHCTBe ' mpu mobom & > 0
lim A™%7% (py, ..., ps) = O. (8.15)
A—o00
Uto6bl 3TO OCYIIECTBHTh, HEOGXOAHMO HECKOJNBKO YJYYLIHTH
OLIEHKH, TIpHBeeHHbIe B I. 7. Mbl GyneM nosib30BaThCsl OIpe-
NeJEHHSIMH M 06GO3HAueHUSIMHM, BBEJEHHbIMH B 3TOH TIJaBe.
Cemeiicteo dyukuuit f (U, V) € He (U; V), 1 <A << oo
OylneM HasbBaTb 02PAHUUCHHbIM, €CJIH HEPaBEHCTBO

Sy (frIV) < Sw (V) (8.16)

HMeeT MeCTO paBHOMepHO no A jjis Bcex N, npuueM GYHKIHH
Sy HONTHHOMHMANBHO OrpaHUYeHH Mo nepemMeHHbM V. B npu-
MEHEHHAX 3TOr0 IIOHATHS HEKOTOpble M3 MepPeMEeHHBIX U;
UMeIOT BUJ

. m2
Pia==Pio— oy (P:), (Ox(Pi)=]/Piz+% y o (8.17)
T. €. caMH 3aBHCAT OoT napamerpa A. OnHako mpenesn
;im pin = Pio— | pi |

CyLIeCTBYET W HenpepbiBeH B cMbicae 'énpaepa ¢ unaekcom 1,
TaK YTO 3Ta 3aBHCHMOCTb OT A NepeMeHHBbIX u; He CO3/aET TPYA-
HocTed.

Iyers fi (K, P, Q, U, V) € H (K, P, U; Py, Q, V) —
Takoe OrpaHHYeHHOe ceMeHCTBO (YHKUHH TOro Ke THla, 4YTo
v GYHKUMH, paccMaTpuBaBlinecs: B Teopeme 7.1. CnpaBennuBo
cieayioliee yTBepKACHHE.

Teopema 8.2.

Tycrs dynkunu 74 (K, P, Pi, Q), f2 (K, P,Q, U, V)
Oanﬂe.HEHbl, Kak YKa3aHO BbilIe, U

f(Px, Q U, V)—IIX(_M’)SdePH Xi};’:,j;

X rU(K' P1 PZ1 Q)f}.(Kv P, PX7 Qa U1 V) (818)

Toraa cyuecTByer Takast He 3aBHCsILIasi OT € MOJIOKHTE/b-
Has KOHCTAaHTa Co, 4TO (yHkmuH A~°°f, (P3, ..., V)
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NpeiCTaBJsIOT COGOH OrpaHHYeHHOe CeMeHCTBO B Ipo-
crpanctBe Her (P3, Q, U; V) npu &' < e.

Jloka3aTeqbCTBO 3TOH TeopeMbl O4eHb GIH3KO K J0Ka3a-
TenbcTBY TeopeMul 7.1. HayneM onsith ¢ obGcyxneHHs: caydasi
o = 1. ®ynKuus 7% Mo onpeneseHnIo He 3aBHCHT OT A. DyHK-
uus f, orpanuvena no A. Ilostomy Bripaxenue (8.18) moutu
COBNAJaeT C TEM BhIpaXKEHHEM, KOTOpoe 00CYKIAAJIoCh NPH J0-
KasatesibcTBe TeopeMbl 7.1. OHO OTJIHYaeTcsi OT Hero JOTOJHH-
TelbHBIMH MHOXHTeJaAMH [0, (P;)]1~!, MacluTaGHBIM MHOXHTE-
JeM A B QYHKUHSIX % U, HAaKOHeN, TeM, YTO NIepeMeHHbie Pj
3aBMCAT OT A.

OrHocutenbHO GYHKUMHA § ClefyeT 3aMeTUThb, YTO AHAMETP

HocuTeasi ¢yHKUMH % (Ap) yMeHblIaercsi C YBeJHUYEHHEM A
Kak 1/A, Tak 4TO BeJHYHHA

A" Sup [ X (A(p+a))—yx (Ap)|

jalst lal®

octaercss orpannuyenHoél. CrenoBaTesbHO, 3aBHCHMOCTb (QYHK-
uMi ¥ OT A HaXoQuTCS B COOTBETCTBHH C TpeGOBaHHSIMH Teope-
mbl 8.2, ecau BeiGpatb ¢, > 1.

Tpynnee paccMoTpeTb OCTaBIIYIOCS 3aBHCHMOCTb OT A.
3amerum, uto B npegene A—- oo ¢yukuus [w, (p)]~! crano-
BUTCS CHHTYJspHOH B Touke p = 0. B cayvae o > 0, Kak
HeTPYAHO BHJAETb, OLEHKH, CleJaHHbe B V. 7, He Hperepre-
BalOT HHKaKuX u3MeHenuil. CuHrysasipuoctd Tuna | p; |~
B QYHKUHMAX 03! CJHHIIKOM cs1abbl, YTOGbl HAPYIUHTb CYILECT-
BOBaHHE HHTErpasioB 1o nepeMeHHbM pj. Ilpn a = 0 paccmor-
puM cHavyana cayyaii p 5 0. Byrzem wucxomutb u3 c¢opmy-
abi (7.14), xoTtopasi Tenepb NpPUHHUMAeT BUI

E =% (p2 + 4m2}\,_2)5/4 d3td (Qh_ﬁk"_ 2t2+
5@ ...)
@x(%-HI) oy (%— )

rAe BMeCTO TepeMeHHbIX q' CJeiyeT MNOACTaBHTb 3HaueHus
u3 (7.13), B koTopbix m 3ameHeHo Ha m/Ah. @DyHKuHS

f7(q,P, . .., V)orpannuena Bnpocrpanctse He(q, P, . . ., V)b).

~ usieHB! BBICLIETO TMOPSAKA) X

, (8.19)

.. " -
1) Mul oTHOCHM K GYHKUHH fp MHOXHTeNb A~° npu y-GyHKHHAX.
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[Tpu mocaenymoolemM paccMOTPeHHH nepeMeHHee P, ..., V
Mbl Gy1eM OnycKaTb.
O6a MHOXHTeNs co;‘ MOXKHO OTHECTH K (GYHKUHH fj.

noBefeHUe NpH Q, 7= Q) HEIOCTAaTOMHO CHHTYJISPHO, qToﬁm
BJIHATh Ha oueHku. [Ipu ©, = Q, Mbl NPOU3BOAUM HHTETPH-
pOBaHHE TONBKO B OKPECTHOCTH q ~ 0, rae 3TH MHOXMHTEeNH
BooOle He CUHTYJSpHEL (npu p 7 0).
Onpenenum
A, = p* + 4m*r2
Ecau npene6peub ujseHaMH BhICLIEro nopsiika B 8, BBectu cde-

pUuYecKHe KOOpAHHaAThl !; = r sin O cos @, ¢, = r sin O sin ¢,
ta = r cos O ¥ MPOHHTETPUPOBATb 1O @ H r, TO MBI IOJYYHM

E—— A1V 9 — 0, (dcose) x

-

X g (A;‘/‘VQL—Q;‘sine, —A:/4%]/QA—§ACOSG) N

[

rze g (U, V) € H,. Tlocte mnoacraHoBkH § = (AMm) Ay4x
X VQu — Q, cos O 3TOT MHTerpas NMpUHUMAeT BHX

Yo '
E=A4 | dog, (mi a0 14700 (@0 — ) — w2, ),
~Yo

i

3 — .
rae po = Ay *Am-1 Vo »— Q,. Beaenctsue GuicTporo y6biBa-
HUA (QYHKUMH g, NPH P — 0O NAHHBIH MHTErpasl U ero HOPMbI
B cMmblcje ['énbrepa ocraloTcsi OrpaHHYEHHBIMH MPH A —- oo,

D10 yTBepKIEHHe CIPABEIIHBO TaKKe M A1 MHoXuTens Ay?,
TaK 4TO MpPH A — 0O HUYEro IJIOXOT'O He IPOMCXOIUT.

DTa oLleHKa OKa3kIBaeTcsl HeBepHOHU mpu p — 0, MOCKOJIbKY
CHHTYJISIPHOCTH QYHKUHH 7! COBNAAAIoT, a pasoxenue (7.11)
HeCnpaBeLIHBO, €CIH p U m MaJjbl. UTOOH! NMOHATD, YTO MpPOUC-
XONUT B 3TOM Mpejelje, NPOHHTETPHUPYEM TOYHO MO P, MPH
p = 0. Bmecro (7.10) Mbl nosyuaem

VI L

(Q — 4m22) = Sy eee)y (8:20)
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rae yHKuus F) orpaHuyeHa B COOTBETCTBYIOLIEM NIPOCTPAHCTBE

He(...; ...) (MHOXuUTenb A™° Mbl ONSTb OTHECHH K (QYHKUHH
F,). Benuuuna Q, onpezesnena no ananorus c (7.9). OueBugso,
uyto BhipaxeHue (8.20) mpu A —- 00 OrpaHHY€HO. Sy-HOPMBI
¢yHRuMH F), Takxe OCTalOTCA OrpaHuyeHHeIMH. IlycTb

PR
Gy (R.) =0 (Q} — 4m*\~?) K%E ]

ITpu Qf >4m?A~2, >0 nosydyaeM OLEHKY
1 - ———

- /02 _ ea-2! % =

i V B | g ==
hi—e

= e

— 1
BT S

pi-e e 1-g
< ?“g Qk"l_h' \(2 ) A <1’

koropast B cuny V [x[+|y| <V x| +V 1y| npunumaer suz

1
wEge |V @ — AR — Y A | <

1 T —
<5 th2+ 204 <

Qehtia—e
Vanthr

<2 tme

Vo=t —e,

[TostoMy ¢yHKUMA

A—e GL(Q;.—I-Z)B—GA (@) 8.21)

orpauyeHa npu 1 <A << oo, 0 h, 2m/h < Q,, Tak uro
A~°G, npexncraBiasier CoGOH OrpaHHYEHHOE CEMEHCTBO B INPO-
¢tpaHcTBe He (5 Q).

Takum o6pasoM, HOKa3aTeJbCTBO TEOPEMbl MJisl CJydas
o = | 3aBepuieHo. B KauecTBe KOHCTaHTHI ¢; MOXHO BhIGpaTh
¢y = 2, rje oiHa ejuHHLA Bo3HMKaer H3 (8.21), a BTOpas —
{3 MHOXUTEJEH Y.

ITepexonumM K paccMOTpeHHIO GoJsiee BBICOKHX MOPSiAKOB
o > 1. Tlpexnonoxum, yTO paccMaTpHBaeMasi TeopeMa chpa-
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BeVIMBa BO BCeX HM3LIKX TNopsinkax T << o. Ilo aHasoruu
¢ (7.16) onpenenum

J*(K, P, Py, Q=
l

= [ aw ] 8, (s m/A) T (K, Pr, P, —W) X
1

X T6-v(Krs Pry Pir, W). (8.22)

Hanee onpenennm ¢yHkuuo J» Tak xe, kak B (7.17), Ho ¢ nog-
CTaHOBKOM B HYXKHBIX MeCTaX MHOXHTeNed A U w,. B uacrHo-

ctu, caenyer Becti Muoxurenb |[ [, (pj)]™t. Ilo rumorese
P

HHAYKWAKM GyHKUKE A~°°J}) npencraBasior coGolt orpanuuen-
HOEe CEMEHCTBO B NPOCTPAHCTBE

HSA(KR’ PR' P;}QL; U’ W; QR, V) HpH 81< e.

O6pasyem tenepb Buipaxkenue J% (W3, Px, Q, U, V), noxcra-
BHMB B COOTBETCTBYIoUIMe Mecta (opmyJbl (7.18) MHOXKMTENH A
H ©,. [IpuMeHHB ONfATb THIOTe3y HHAYKLMH, HaHAeM, 4TO
DyHKUUH

x—(ca—r'*'ct)eJ%

o6pa3yloT orpaHHYeHHOe  CEeMeHCTBO B IIPOCTPaHCTBE
He (W3, Py, Q, U; V) nna &' << e. CyxeHne 3TOro npousse-
JEHUS Ha SHepreTHYecKylo moBepxHocTb wj = 0 cyuiecTByer
U OCTaeTcsi OrpaHHYEHHBIM npu A — oo. Orcioga Hemocpen-
CTBEHHO MOJIyYaeM, YTO IIPOM3BeJeHHe

2" CottDh pr 0, U, V)

orpaHuueHo B npocrpanctse H, (Pj, Q, U; V), uro n tpebo-
Bajiocb. ®Dynkuus JA onpenensiercs ¢opmysoll, aHaNOTHY-
Ho#t (7.19). _

[TockoabKy GyHKUHSA I% npencrapisier coGoit CYyMMYy uJie-

HoB Buja (8.22), Mbl 10Ka3aJjH, 4TO OHa 00J/agaeT CBOHCTBAMH,

chOpMyIHpOBAHHBLIME B Teopeme 8.2 aas dyskuuu re. Ecan

BLIOpATh ClellHaNbHbIH C1ydyal, KOrja COBOKYITHOCTH IepeMeH-
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ubix P, Q, U, V nycthl, u 3aMeTHTb, 4T0 f < H,, TO HETPYAHC
y6eauThCsl, YTO U3 ITOTO CBOHCTBA QYHKUUH [ ﬁ cJjenyer

lim A™°T% (ky, ..., kn)=0 B mpoctpanctBe ' (8.23)

A—> 00

ansi o6oro € > 0. CpaBuuBas 310 ¢ dopmyJon (8.13), sanu-
canHOU mis1 PyHKUHH [, BMECTO 74, MOJTyYaeM

d(n, 6) = 8D (I5) = SD (ry) =
=—3n—o(u+v—4). (824
PasenctBo SD (/) u SD (rs) ObUIO YCTaHOBJEHO B TIJ. 5.
BHoBb Bocnosb3oBaBiunck ¢opmysoit (8.13), Ha stor pas ais
¢yHKUMH 14, MBI TOJNyYaeM Tpebyemoe ycjoBue (8.15). 3ame-
THM, YTO IIOC/IeJHee YTBepXKJEeHHe O3HayaeT, u4To B I[pejaese
m/\—- 0o HHppaKpaCHbIX CHHTYJISIPHOCTEH CTENEHHOrO THIA
He PosHHMKaer. OpHako JorapuMHYeCKHe CHHTYJISPHOCTH
TaKOH OLEHKOH He uckJoyalorcsi. OHH 1eHACTBHTEJbHO BCTpE-

YaloTcsl B TEOPHH BO3MYILEHHH, H HX NOSIBJEHHE JOTYCKAeTCs
B CTPOTOH TEOpHUH, HE CBA3aHHOH ¢ Teopuell BoamyuieHuit [32].

Crefyer ele NoKasaTb, YTO (YHKIHH Ik YIOBJETBOPSIOT

Teopeme 7.2. Bocronbayemcs qopMmoit byHkuuu 1,4 (P), 3anaH-
Hoil dopmy.ioit (7.23). Ilo ananoruu ¢ (7.24) onpenennm

Fhon (P)= [ dQoTlo (Po— Qo P) e (Qu), (8.25)
Phon (X) = iw (X) L5 (X). (8.26)

=

KOMHaKTHbIﬁ HOCHTEJIb B II€PEMEHHBIX & q}yHKuHH
AA(E»Z? e ey gn):Ah (xh ey xn)::fg(x)—Zr?W(X) (8.27)
1

He 3aBHCHT OT A. Ycnosue (8.23) o3Hauaert, uto lim A~ %), =0,
A= 00

TAK 4TO
Jim A~°AY (X) =0 (8.28)

A—>o00

aas joboro € > 0. IpeacraBnenne (7.27) nepenuiiem B BHae

A* (a):%’ DF?} (E). (8.29)
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N - = s

3nech F% — menpepoiBHbie (PYHKIHH C KOMIAKTHBIMH HOCHTE-
JIMH, He BaBI/ICﬂl.U.PIMH or A. Bosee Toro, hyukuun Fk nenpe-
PHIBHO 3aBHCAT OT A™ (cM. o6cyxxienue Teopemsl 26 B MOHO-
rpa¢uu Hlsapua [191), tak yrto

lim A™%F% (B) = 0 (8.30)

A—>o00

paBHoMepHO 10 E. ®ypbe-06pa3 dyukuun A (X) umeer Bux

Ay (P, - pn):é"'(;pi)G’“(pz, ..oy pn). (8.31)

3nech G* — pypbe-06pas GpyHKuHH A*(B), 1. e. uenas (pyHK-
uua. M3 (8.29) u (8.30) MOXKHO HONYYUTH OLEHKY

| G* (P) | < C,& (P), (8.32)

rae & — MOJIOXKHTENBHO ONpPENEEeHHbIH INOJHHOM, HE 3aBH-
csuuit ot A, 1 npu ¢ > 0

limA~8C, = 0.

A—o00
AnanoruyHble OLEHKHM CNPaBEAJIMBBL ISl NPOM3BOLHBIX OT G*
H, CJIEJOBATEIbHO, TaKkKe /151 ee IréybIepOoBhiX HOPM C yuerom

3TOH WHPOPMALUH MOXKHO AOKa3aTb, YTO PyHKUUSA A* yIOBJIe-
TBOpsieT ycaoBHsM TeopeMbl 8.2. JloKa3aTelbCTBO aHaJOTHYHO
AOKa3aTe/IbCTBY, NPHBEACHHOMY Bbille Iist YHKUUK rd.
B 3roM gnokasarejbcTBe He3aBHCHMOCTh GYHKUHH r» oT A
He Oblla CYILIECTBEHHOH; JOCTAaTOYHO ObLIO JHIIb CBOHCTBA
orpanuyeHHocty Tuna (8.32). (KoneuHo, 3HaueHHe KOHCTaHTHI
€y MOxKeT ObITb GOsiblue ee 3HaueHHsl B MpocTeHIiueM cJiydae.)

Ocraercsi JokaszaTb, UTO GYHKUHSA s (P) yIOBJIETBOPSET
yCJI0BHSIM TeopeMbl. TiiaTeslbHas Mo3TanHasi IpoBepKa NoKa-
3bIBAET, YTO STOTO MOXHO JOCTHYb JOCJOBHBIM ITOBTOpPEHHEM
JI0Ka3aTeJbCTBa TOrO, YTO (YHKLHUS 7;yy YAOBJETBOPSET TEO-
peme 7.1 co cnepyomumMu H3MeHeHUsIMUH. Bce dyHKImMK u 06006-
menHole GyHKuMu I;q4, f, f ¥ T. 4. npHOGpeTaOT HHIEKC A;
TO K€ OTHOCHTCS M K nepeMeHHbM P~, P~ u T. n. PyHKUKH
x (p), %° (p) HeoGxomumo 3ameHUTb Ha ¢yHKuUUH ¥ (Ap),
%0 (Ap), a Takxke BBeCTH MHOXHTeMH [0, (p;)]~t. JloGoe
yrepxkaenne tuna «f (V, U) € He (U; V)» crenyer 3ameHuTb
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yrBepxaenueM A~ °f, (U, V) siBjsieTcsi orpaHHYeHHbIM ceMefi-

ctBoM B mpoctpaHcTBe He (U; V)», rae & — moJsoxuresnbpHoe
yncso, obpaliamlieecss B HYJb BMECTE C €.

B cBs3u ¢ dopmyoit (8.24) yxe oTMeuasnoch, YTO cpaBes-
JIUBO CJIefyIollee CJe/ICTBHE TeopeMbl 8.2.

Teopema 8.3.

Maciuta6bHasi crenenb d (n, 6) QyHKUHH g (X, ..., Xp)
IJIsi TeOpHH Tuma (W, V) YHOBJETBOPSIET HEPaBEHCTBY
d(n,o)=—3n—o(p-+v—4). (8.33)

DTa OlEHKA MNpeACTaB/fET HHTEPEC TOJbKO AJS (YHKUHH
rs (X), He obpamamouuxcs B HyJb. B sio6oM mopsiike mo o
TOJNIBKO KOHEYHoe 4ucao ¢yHKUuui rq 7% 0, a 1415 ocTaflbHBIX
¢yukuyit d (n, 6) = oo.

OrMmeruM, uTO Teopema 8.3 HaeT TOMBKO HHXKHIOIO I'PaHHILY
s d (n, o). CylecTBYIOT TEOPHH, /1T KOTOPHIX ycJsoBue (8.33)

He onrumaabHo.  Hanpumep, ecaum ry(py, ..., pp) =
n

= 6* (O)p;) 1] p}, To MuHEManbHOE pelueHne B BHICUIMX IIO-
1

PSIIKAX €CTb NMPOCTO rg (P) = H pirs (P), rue 1% — pelenne,
COOTBETCTBYIOlEE 3HAUEHHIO ¢ (py, . . ., p,) = 6% (Dlp;). o
NPUBOAUT K 3HaueHu1o d (n, o) = SD (r§) — 2u BMecTo 3Ha-
yenusi d (n, o) = SD (r§) — 2u0, KOTOpOE MOJYYHJIOCH Obl,
ecau Obl (8.33) npencrasisio co6oit paBeHctBo. MoxKHO nomy-
CTHTb TaKXe, 4YTO NOMJIMHHOE Bo3pacTaHue 3Hauenus d (n, o)
N0 CPaBHEHHIO co 3HavYeHHeM (8.33) mpOHCXOAUT B pe3yJibTaTe
COKpAIlleHUs Pa3/UyYHbIX 4eHoB B [ ;. On1HaKo nono6HbIE COKpa-
LEHHs] YJIEHOB HHKOIJAa He HaG/I0ajuchb H MaJoBEPOSITHO,
yTOObl OHH MOTJIH HMETb MECTO.

Kak 6bl10 mokasano B ri. 5, dyHKUMM rg (Xq, . . ., Xp)
OIpeNeNSIIOTCS €UHCTBEHHBIM 06pasoM, €eCJu
d(n, ) >—4n + 4 npu n> 2, (8.34)
d (2, 0) = — 6.

Bosee ofluee yTBepKIeHHE [JIaCHT: YHCJIO HEOAHO3HAYHO-
cTell TeCHO CBSI3aHO C Pa3HOCTHIO
6(n, 0) ==—4n+44 —d(n, o). (8.35)
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Ecmu 8 (n, 0) <0 npu n>2, 6 (2, 0) <2, TO HUKaKux
HeoHO3HauHoCTeHl He cymecTByer. Uucao HeoaHo3HayHOCTEH
pacrer ¢ poctom O. M3 HepaBenctsa (8.33) cienyer

d(noyK<—n+4+o(pn+v—4). (8.36)

Teopusi HasbiBaercsi nepeHopmupyemoil, €cau JIasi Jio6oro
n Z= 2 cyuiectByeT KoHeuHoe uyucsao O (n), Takoe, 4ToO

6 (n, o) <8 (n) mis Becex o =1 (8.37)

d(n)<o (8.38)

IJisl BCEX 1, KPOMe KOHEYHOro uucJja. Bce ocTasnbHble TEOpHH
Ha3bIBAIOTCS HenepeHopmupyemoimy. B HemepeHOPMHUPYyeMbIX
TEOPHUSIX C POCTOM TIOPSIIKA O YHCJIO HEONpeleIeHHOCTel Heorpa-
HHUYEHHO BO3PACTAET. '

U3 coornowenus (8.36) caenyer, yto KpUTEpUH NEPEHOPMHU-
pyemoctH (8.37), (8.38) Buinonusitorcst As1s teopuit Tuna (4, 0)
H (3, 0). OHU COOTBETCTBYIOT B KAHOHHYECKOH TEOpUH IO0JS
TEOPUSIM C JlarpaHKMaHaMu B3aumoneiictus A* u A3, Koro-
pble, KaK H3BECTHO, [IEPEHOPMUPYEMbl B KAHOHHYECKOM CMBbICJIe
cioBa. Eciim HCKJIIOYHTD HEKOTOPHIE MaJsIOBEPOSITHBIE COKpa-
IEHUS], TOJNBKO 3TH JBE TEOPHUH SIBJASAIOTCS TNEpPEeHOPMHUpYe-
MBIMH, OTBJIEKAasiCb OT TPUBHAJBHBIX MoOjeJNell Tuna TeX, 4To
YIOMUHAJNUCh NPH o6CyxaeHuH TeopeMmbl 8.3. HanomHum, urto
Mbl NPHHHMaeM @ == 3, H OTMETHM, YTO Vv JOJ/IKHO OBbITH Yer-
HbIM YHCJIOM, TNOCKOJbKY TOJbKO TNOJHHOMBEI YETHBIX CTETNeHeH
MOT'YT GBITb JIOPEHL-HHBAPHAHTHEIMH.

Konel, 3Toit riaBel Mbl NOCBATHM KPaTKOMy 0OCYXKAEHHIO
JIBYX TNEPEHOPMHPYEMBIX TEOPHH.

Teopuss Tuna (4, 0)

OrmeTuM cHauaJsa, 4To Bce (QYHKIHHU I C HEYETHBIM YHCJIOM
apryMeHToOB 0O6pallaloTCs B HYJlb:

8 (n, 0) = — 00 1Nl HEUYeTHHIX A. (8.39)

Ouenka (8.36) npu p = 4, v = 0 npuHHUMaer BUJ
§(n, o) < —n+4, (8.40)



ITepenopmupyemsie meopuu 127

OTKyJa CcJepyer

d(n) =—n+4. (8.41)
HOns n>4 wumeem 6 (n)<<O, Tak vuyt0 ¢hynkyuu
re (X4, ..., Xn), >4, onpedesenvr eOuHcmeeHHbIM 00pA3OM

80 6cex NOPAOKAX O PYHKYUAMU Ty Huswux nopaokos. I1ockorvky
8 (2) = 2, mo ae umeem mecmo 03 08yxmoueuHoll pynKyuu.

Cnyuait
64,0 =0 (8.42)

OTB€YAe€T B TOYHOCTH I'PAHHMYHOMY 3HAUYEHHIO, HAYHHAA C KOTO-
pOTro NnoABJAKTCA HEOAHO3HAYHOCTH. B KaxJ0M NopsiiKe 0 Mbl

NOJYYUM B QYHKLUMH 7 (X4, . . ., X,) HEOQHO3HAYHOCTb OJHOTO
H TOTO 2K€ BHJa

€60 (xy — x2) 6% (xy — x3) 6% (xy — xy), (8.43)

Ie C; — BelecTBeHHash KOHCTaHTa. Tako# Xe BHJ HMEeT U
dyHKuHs ry (xq, . .., x,). Yo6Ho BeiGpatb ¢; = (2m)%. JlioGok
JIPYroil MHOXHTEJ/Ib ¢4 MOXKHO BKJIIOYUTb B KOHCTAHTY CBSI3H g.

Ilpo6bnema ¢uKcHpOBaHHS KOHCTAHT C, TECHO CBsI3aHa
C Ipyroéi oCHOBHOH mpo6JieMOH: KaK oxapaKTepH3oBaTb B3au-
MoJeficTBHE KpHTepHeM, CHOPMYJIHPOBAHHEIM BHE paMOK TEOPHH
Bosmyuenuii. IlpensoxenHasi BbllUe npouexypa 3alaHHs MO-
Jenu nyrteM crneuuduKalnudud ee 3anasjbBaloluX (QYyHKUHH
B MEPBOM MOpPsJKe, OYEBHIHO, He BIOJIHE YIOBJIETBOPHTENbHA.
B naHHOM c/yuae MOXHO MpeLJIOXKHTb cjenyouee. Yerripex-

ToueyHas (GYHKUHS 7(p,, ...y Py B p-TIPOCTPAHCTBE HMeEET
BuJ (2.27):

r(py o0 p) =08+ ... +p)r (ps, ..., ps). (8.44)
dyukuus r onpejesieHa Ha MJIOCKOCTH p; + ... + p, =0

M aHaJUTHYHA B OKPECTHOCTH Hayasa koopauHat [27]. IToato-
My ee 3HaueHHe B Hayajle KOOpJHHaT

g=r(0,0,0,0) (8.45)

HMeET cMbic/. KOHCTaHTa g BelIEeCTBEHHA B CHJY BeLIECTBEH-
HocTH dyHKuuu r (X).

Onpenenum Tenepb Teopuio Tuna (4, 0), NpeANoOsIOKUB, YTO

BeJIMYMHA g UMEeT NMpPEeANHCAaHHOe HEHYJeBoe 3HaueHHe, a Bce

¢byHKUMH 1 (%, . .., X,) O0JAJAIOT MaKCHMaJbHBIMH JOMY-
CTHMBIMH S-CTEIIE€HSIMH, COBMECTHMBIMH C 3THM 3HAaU€HHEM.
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IlpuveHuM 3TOT KpHTepuit B Teopku Bo3MymieHHH. ITyctb
Ry =rs(0, 0, 0, 0). (8.46)

[Torpe6yem, yTOGbI
2 Rog'=g, (8.47)
[

i€ KOHCTaHTa g PUKCcHpOBaHa. 3/1eCb Mbl CTaJIKUBAeMCsl C Npob-
JIEMOH OIpeleJIeHHs] «KOHCTAHThl CBS3H» g, T. €. TaKOoro mnapa-
METpa pasjIoKEHMsI, KOTOPHIH He onpenessieTcss olblleil xapak-
TEPUCTHKOH TEOpHH, NpPUBENEeHHOH Bhillle. Bosee ectecTBEHHBIM
npejcTaB/feTcss BbIOOP B KadecTBe IapameTpa pasJioXKeHHs

CcaMOH KOHCTaHTHI g:

g=g. (8.48)

B 3tom cnyuae us pasencrBa (8.47) crenyer
Ri=1 R;=0nmnpu 0> 1. (8.49)
Torza B nmepsoM noOpsiKe TEOPHH BOSMYIUEHHH MBI MOJYYHM
B TOYHOCTH QYHKUHIO Iy (D1, . . ., Pu), C KOTOPOH M HauHeM

nocrpoenne teopuu. Bce ppyrue ¢pyHkuuu ry (P) obpamarorcs
B HYJIb, IOCKOJIbKY OUEBHJIHO, YTO CPeIX BO3MOXKHBIX pelleHHH
HyJIeBOE pellleHHe OTBeYaeT MaKCHMaJbHOH s-ctenend. (Mbi
npuMeHsieM TpeGOBaHHE MAaKCHMAJbHOCTH MO OTAENbHOCTH
B Ka)X[JIOM NOpsijike, npeHedperasi BO3MOXKHBIMH COKPaIlleHHSIMU
4JIEHOB Pa3/IM4YHBbIX NOPsAKoB.) [TocTpoeHue BHICUIMX NOPSAKOB
IPOUCXOAUT B TOYHOCTH 1O cHOPMYJIHPOBAHHLIM Bhillle Tpa-
BHJIaM, a HEOJHO3HAYHOCTH B YeTHIPeXTOYeYHOH GYHKIHH
¢dukcupoBaHbl yciaoBueM (8.49).

Opnako BbiGOp (8.48) He sABAAETCH €AMHCTBEHHO BO3MOX-
HbiM. Ero MoxkHo 0606UTb C/eaylomuM o6pa3oM:

g=¢(@)=2 g&° =0, (8.50)

rae g (g) — crenenHoil pax no g..[lapamerpul g, MOTYT GbITh
¢GUKCHPOBaHbl MPOM3BOJbHO. B 3toM ciydae ycaoBue (8.49)
3aMeHsIeTCs YC/IOBHEM

R, = g, (8.51)

CooTBercTBYylOLIEE pelieHne 0603HAUMM rg (X, . . ., X,). Torna
ry (Pas - o pn) = 0% (Xp:), a B ocTajybHOM Gynem CTPOHTD
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TEOPHIO, KaK M MNpexJe, HCHNOJb3ys I/ YCTPaHEHHS BceX
HeosiHo3HayHocTell ycioBue (8.51). Jlerko yGenutbcsi B TOM,
4TO JiBa pPelUeHHs

Dere (X) (8.52)

; g% (X) (8.53)

COBMANAlOT B CMbicye (OPMaNbHBIX CTENeHHbIX psAaoB. ledi-
CTBUTEJIBHO, ecjii pasiyoxeHue (8.50) mojcTaBuTb B peliieHHe
(8.52), a 3arem nepecTpouThb PAL IO CTENEHAM g, TO OKaXeTcs,
4TO KO3((HLUHEHTH pe3yJbTHPYIOWEro passoKeHUus rg (X)
006/1a1al0T BCEMH HYXXHBIMH CBOHCTBaMH K03(hduureHTOB 7g (X)
M TEM CaMbIM COBNAJAlOT C HHUMH.

CeoGozma BoiGopa ¢yHkuuu g (g) B dopmyne (8.50) ectb
YyacTHOe NposiBJIeHHEe TOH CBOOOABI Bbl6Opa, KOTOpas U3BeCTHA
B KaHOHMYECKOH TEOpUM BO3MYINEHHH NOJ Ha3BaHHEM «PEHOP-
Masu3anuonHo# rpynmen (cM. [5], ru. 8). Ilepexox or g kK g
COOTBETCTBYET KOHEUHOH IepeHOPMHPOBKE KOHCTAHTHI CBSI3H.
Axanoruynasi cBo6oja B MPUHILKUIIE HMEET MECTO M NpPH BhIGOpe
Macchl m. BMecTo toro, yTo6bl paccMaTpUBaTh MacCy Kak (pUKCH-
pPOBaHHLIH BHEIUHHWH MapameTp, Mbl MOIVIH Obl TaK e, Kak
B cJyyae ¢ g, cuutath ee (YHKUHEH KOHCTaHTHI CBSI3H: M =
= m (g). Ho ato npuseno 6bl K 3HAYUTENBLHOMY YCJIOKHEHHIO
dopmasu3ma, CBSI3aHHOMY C Te€M, YTO /M SIBHBIM 06pa3oM (uepes
nocpenctBo A*-GyHKUHH) BXONUT B COOTHOLUEHHSI IIOJTHOTHI
(2.36). OueBuiHO, YTO BBOAWTb TaKO€ YCJIOXKHEHHE B pac-
CMaTPUBAEMYIO IIPOCTYIO MOJe]b He uMeeT cMbicaa. OnHako
3TO BOBCE He TaK JAJIsI MojeJsiell ¢ YaCTHIaMM HeCKOJbKHX COp-
TOB, TJ€ 3aBUCUMOCTb OT g PA3HOCMeli MacC MOXKET HMETb BaX-
Hoe ¢usnueckoe 3HaueHue. IlopoOHasi cuTyauus paccMaTpu-
Baercsi B pabore [33].

Teopus Tuna (3, 0)

Dra TEOpHUs] COOTBETCTBYET JarpaHKHaHy B3aHMOJAEHCTBHS
A3, Kak u3BecTHO, Takasi TeOpHsi, CTPOTO TOBOPs, HE HMeeT
cmbicsia [34], nockosbKy B Hell Hapylluaercs TpeGoBaHHE MOJIO-
JKHTeJIbHOCTH 3Heprud. OnHAaKo 3Ta TPYAHOCTb B TEOPHH BO3-
MyLIeHui He nposiBasiercsi. [103ToMy Takyo TEOpUIO JONYCTHMO
paccMarpHBaTh B HalleM KOHTEKCTE M 3TO PacCMOTPEHHE MOKET
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[PEACTAaB/STb CaMOCTOSITE/IbHBII HHTEpec, MOCKOJbKY HEeKO-
TOpblE XapaKTepHblE OTJIMUHS OT Teopuu Tuna (4, 0) Moryt
GbITb BaXKHbl B GoJiee peaIMCTHYECKHX TEOPHSIX.

Ilpu p = 3, v =0 ouenka (8.36) npuHuMaer Buf

6(n, o) <—n+4—o, (8.54)

TJle CipaBa CTOUT BbIPaXKeHHe, yObiBalolee ¢ poctoM o. HMckio-
yasi oueBHAHBIA caydait n = 3, ¢ = 1, Bce 3Hauenusi 6 (n, o)
VIOBJIETBOPSIOT KDUTEPHIO eNUHCTBeHHOCTH (8.34): Teopus
tuna (3, 0) okasniBaeTcst GUKCHPOBAHHOH HALIHMH IPaBUIAMU
00H03HauHo. Takue TeOpHH Ha3BIBAIOTCH «CBEPXIEPEHOPMH-
pyembiMu» 1). Kakum o6pa3oM 3TOT pe3yJsbTaT cOIVIaCyeTcst
co cB0OOJOH, CBSI3aHHOH C pEHOPMAaJH3allMOHHOH TIpYNNoH,
Kotopasi JoJIKHa Oblia Obl MPOSIBUTHCS B NaHHOM CJyuyae Tak
XKe, Kak U B Teopuu tuna (4, 0)? ITocMoTpuM, 4TO MpOH30HIET,
€CJIH BBECTH HOBYIO KOHCTAHTY CBSi3H g':

g=2¢g:g"" &= (8.55)

¢ (UKCHpOBaHHBLIMH K03(dULHEHTaMH g H MOACTaBHTH (8.55)
B pa3/ioKeHHe

f(X);‘% g°rs (X)- (8.56)

Ilocne ¢opmasbHOH INepecTpPOHKH pSLOB Mbl NOJy4aeM cCie-
Jylollee pas3JioXKeHHe IO KOHCTaHTe g':

r(X) :2 g'rs (X). (8.57)

OYHKUHU rg YIOBJETBOPAIOT ypaBHeHUsiM (3.9), BkJwouyas
JIOTIONIHUTE/IbHBIE YCJIOBHSA, a (PYHKUMSA r; XapaKTepPU3YyeT THII
(3, 0). OzHako B BBICIIMX NOPSIAKAX Hapyluaercsi YCJIOBHE
MaKCHMaJbHOCTH S-CTENEHM 3a cueT NOGaBJIEeHHS K MaKCHMaJb-
HO TJIaJKOH TPeXTOYeYHOH (PYHKUIMH UJIEHOB BHUIA

co0% (X, — xo) 8% (x; — x3). (8.58)

Her HuKaknX cepbe3HbIX OCHOBaHHII He pacCMaTPUBATb TaKYIO
TEOPHIO, TIOCKOJ/IbKY YCJIOBHE MAKCHMAJIbHOCTH S-CTETEHH, KOTO-

1) B Gosee obuell GopMyNHPOBKE TEOPHS Ha3blBaeTCs CBepXmepe-
HODMHPYEMOH, €C/NH CYIIECTBYeT TOJbKO KOHEYHOE UHCJIO 3HAYeHHH
(n, 0), NpeBHIIAKIHX KPHTHYEeCKOe 3HayeHue 0, HaUHHasi C KOTOPOro
nosiBAsI0OTCS HeojHo3HayHOCTH. ([To moBoly ompepesneHuss nepeHOPMH-
pYyeMbiX M CBEPXNIEDEHOPMHPYEMbIX TEOpHH CM., Hampumep, [38*].—

{Tpum. . nepes.)
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pO€e B CTPOI'OM CMBIC/IE IPHUMEHSIETCS N0 OTAENBbHOCTH B KaXI0M
nopsiiKe TEOPHUH BO3MYIIEeHHH, cOOCHOBaThb TPyIHO. Bripaske-
Hue (8.57) MOKHO paccMaTpHBaTb Kak pasjiOKEHHe MeToja
BO3MYylleHu#t s teopuu Tuna (3, 0) B HeKoeM 0GOGILIEHHOM
cMbicie. FiMeHHO B 3TOM 0GOOLIEHHOM CMbICJIE MOXKHO TOBO-
pPUTb O JAHHOH TEOPHH BHE METOAA BO3MYLIEHHH.

Ilo ananoruu c dopmyJsoit (8.44) umeem

r (p1, P2, pa) = 8% (pr + p2+ p3) r (p1, P2, pa), (8.59)
rae
g=r (0,0, 0) (8.60)
— KOHEYHOE BellleCTBEHHOe YHucjo. B 3toM ciyvyae Teopusi TH-
na (3, 0) ompenessiercsi Kak TEOpHs C 3aJaHHbIM 3HAUEHHEM
g 0, npu KotopoM Bce ¢yHKuMH r (X) 06/1afalOT MaKCH-
MaJIbHOH BO3MOXKHOH S-CTeNeHbIo.
[Ipu paccMOTpeHHM TaKOH TEOPUH Mbl ONSITb CTAJKHUBaeMCS
co cBo6OJOH BhIGOpPA KOHCTAHThI CBSI3H g THUMA

g=2808" (8.61)
T. €. MBI MOXeM CBOGOJHO BLIGHpATh gy, KPOME OrpaHUuEHHs
go =0, g % 0 (BBOIMMOro aas ympomenus). Ilpu moGom
BbIGOpE g, HALIMMH METONAMH Mbl NIONYYHM DSIABI TEOPHH BO3-
MYIIEHHH C JONOJIHUTEeNbHbIM TpeGoBaHHEM
rs (0, 0, 0) = g,. (8.62)
YcioBHEe MaKCHMAJbHOCTH S-CTEMEHH INPUMEHSIETCSl TOJbKO
K OIDaHHYEHHOMY KJacCy pelIeHH#H 1y, YAOBJETBOPSIOLHX
ycaoBuio (8.62). TlostoMy (yHKIHH 1, ONpenensioTcst euH-
CTBEHHBIM 00pa3oM. Pa3iuuHble pelueHusi, OTBeyaloLiue pas-
HEIM BHIGOpaM g,, COTIACYIOTCS Mex1y cob6oH Kak ¢opMaJb-
Hble CTeNeHHble pSABl, €CAH COOTBETCTBYIOLIHE KOHCTAHThI
CBSI3H NIPAaBUJIbHO BbIPAXKAIOTCS APYT Yepe3 Apyra 1o aHaJOrHH
c (8.55). Cpeny MHOTMX BO3MOXKHOCTEH CYIUECTBYET OJHA BO3-
MOXKHOCTb, OTBeYalolas HaueMy GoJjee OrpaHHYHTENIbHOMY
peuenty, BeaymeMy K ycjoBHio (8.54). Mimenno, B atoM ciyuae
CJIeflyeT MONOXKUTh g4 = |, a AJIf ONpeneseHns g, HCIOMb30-
BaTb ycJoBHe (8.60), rie GyHKUHUS 74 (Py, P2, Ps) COOTBETCTBYET
GYHKUMH 7, C MaKCHMANbHOM S-CTENeHbio, KOTopas Gblia
TIOCTPOEHA B IJI. 5. TOT CnelnaNbHbli BHIGOP He coomeemcmeyent
eCTECTBEHHOMY BhIGOPY g = .
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